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Abstract 
Tapered-width cantilevers are proposed to give designers more design space in obtaining 
lower pull-in voltage and higher capacitance change for a cantilever with relatively short 
length and moderate area. Several types of the width taper functions have been investigated 
in this research. Based on the analytical form of the pull-in voltage for a simple cantilever, 
we have obtained empirical forms of the pull-in voltages for tapered-width cantilevers. 
These formulae can be the basis of the pull-in voltage synthesis by geometry control of a 
cantilever and might be helpful for integrated cantilever sensor systems in which only low-
actuating voltage is available. The measured pull-in voltages of cantilevers together with 
these formulae were used to extract the Young's modulus of the material (polysilicon), which 
is 175 GPa with a standard deviation 40 GPa . 
For applications of micro-mechanical structures, on-chip circuitry is preferred to do the 
signal conditioning to avoid parasitics of bonding pads/wires, which is usually comparable to 
or larger than the motional induced capacitance change if interest. Unfortunately, not every 
micro-machining process is compatible with the fabrication processes for integrated circuits; 
instead they are usually very customized for their particular applications. In this project, we 
have investigated RF measurement techniques for the characterization of microstructures and 
a direct-conversion circuit based on the electromechanical amplitude 
modulation/demodulation scheme has been built for possible off-chip readout circuitry 
applications. A direct measurement of input voltage and through-current was used to obtain 
the input admittances of devices under test, from which the equivalent circuits can be 
extracted. 
1 
Chapter 1. Introduction 
In his famous speech: Dzerg'j f/gnfy of af fAe [1], Richard P. Feynman 
arrived at a conclusion the laws of physics posed no limit to miniaturization, it was our 
ability to make physically small things that indeed limited the degree of such miniaturization. 
At that time, there were severe technological limitations for making physically small things. 
However, the continuing progress achieved in microelectronics over the past forty years has 
enabled us to make physically small objects. The basis of micromechanics is that silicon, in 
conjunction with its conventional role as an electronic material, and taking advantage of an 
already advanced micro fabrication technology, can also be exploited as a high-precision 
high-strength high-reliability mechanical material, especially where miniaturized mechanical 
devices and components must be integrated or interfaced with electronics. Many practical 
devices have been demonstrated [2-4], and it has been shown that many of the associated 
processes are compatible with the realization of on-chip circuitry for the first stages of signal 
processing. Clearly, when merged with the capabilities of microelectronics, such devices can 
go far beyond simple transducers, incorporating digital interfaces, self testing, and PROM-
based digital compensation to extend overall system accuracy. 
Motorola has pioneered a two-chip approach where surface micromachining is used to 
define a sensor structure, which is capped and wirebonded to a signal-conditioning chip [5]. 
Analog Devices has pioneered an integrated approach that combines the sensor and the 
electronics on a single chip. This process is called iMEMS, or integrated-MEMS to highlight 
the more integrated nature of this approach [6]. Sandia National Lab also has Sandia's 
Integrated MicroElectroMechanical Systems (IMEMS) technology [7], which takes a 
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different approach from iMEMS of Analog Devices to integrate both electronics and 
mechanical structures. MOSIS also offers integrated MEMS process service. However, 
there is no specific MEMS process flow to support MEMS through the foundry. All MEMS 
structures use normal CMOS mask levels consisting of coincident features consisting of 
active area, contact, via and pad opening (passivation) to create openings to the substrate 
which are then post-processed to etch away the underlying substrate material, producing a 
suspended structure. These suspended structures may consist of inter-level dielectric (oxide) 
encapsulated polysilicon and metal features [8], Apparently, the fabrication processes are not 
optimized for mechanical structures, and the lack of control over the mechanical properties of 
materials such as residual stress or stress gradient makes the realization of some structures 
difficult. There are other MEMS processes reported in various journals. Unfortunately, not 
every reported MEMS process is CMOS process compatible. More often they are 
customized to specific applications. 
Since a transducer (or an actuator hereafter) is a device or a microstructure, which 
converts energy from one form to another, it is an important interface between the real world 
and a signal conditioning circuit. Because of the uniqueness of interested energy forms such 
as thermal, mechanical, radiation, etc., the fabrication of transducers for specific applications 
is usually very customized in order to optimize the performance of the energy transduction. 
For a sensor system, which includes one or more transducers plus the circuitry to provide at 
least the first level(s) of signal processing (amplification, multiplexing) in the electronic part 
of the system, the transducer performance and the signal conditioning abilities are always a 
trade-off considering many factors such as cost, reliability, and compatibility. If on-chip 
circuitry is not available to a sensor system or the best performance of transducers and 
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electronic circuits is required, a two-chip (hybrid) approach might be the best option, because 
mechanical and electronic parts can be optimized separately to achieve the desired 
specifications. In this approach, an interface with the ability to eliminate the parasitic effect 
between the transducers and electronic circuitry while preserving the desired signal is 
important. Since dealing with parasitics is quite common in RF engineering, we are hence 
interested in applying RF engineering techniques in the MEMS area. 
MicroElectroMechanical RF/microwave components, such as switches [9], phase shifters 
[10], and passive elements, have been demonstrated to exhibit high performance, low cost, 
inherently smaller size and weight, and typical low power consumption. Since these are 
highly desirable features of many RF/microwave systems, it is natural that the subject of 
applying MEMS technologies to radically improve the performance of these systems is a 
topic that has elicited great interest. However, the above mentioned components are all 
primarily designed to work at their static states, little work has been done on how the 
dynamic behavior of a mechanical structure interacts with an RF/microwave signal. We are 
also interested in how a micro cantilever under excitation by an external force or electrostatic 
force affects its electrical properties in the RF or microwave frequencies, and to extract an 
electric model for the system if possible. The reasons we chose phosphorus-doped 
polysilicon as the material are firstly that it's available from the Multi-user MEMS Processes 
(MUMPs) which provides a standard 3-layer polysilicon process for micromechanical 
structures and secondly, according to MUMPs no. 36 Run Data, the resistivity of Polyl 
structure layer is 2 x 10"^ OAm-cm. With this resistivity, the cantilever can be considered as 
a very lossy transmission line which will hopefully cause more deviation from its electrical 
properties at its equilibrium position. 
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1.1 Research goals 
For a micro cantilever as an RF switch integrated with an RF circuit, the actuation 
voltage is expected to be as low as possible to be compatible with the voltage sources for the 
electronic parts such that additional high voltage sources can be avoided. Since the actuation 
voltage of a micro cantilever is a function of the material properties and its geometry, we are 
interested in investigating how the geometry of a micro cantilever affects the actuation 
voltage. Three simple taper functions, linear, parabolic, and exponential, are chosen to 
implement the width taper of cantilevers along their lengths. A closed form of the pull-in 
voltage, which is the voltage at which a cantilever snaps on to the substrate, has been 
reported [11]. Based on the closed form expression for the pull-in voltage, the Young's 
modulus of the material of a cantilever can be calculated from the measured pull-in voltage. 
The measurement method for the pull-in voltage in [11] is a convenient way to measure the 
pull-in voltage of a cantilever as in Fig. 1.1. It is based on the measurement of DC current 
verses applied DC voltage. For voltages smaller than the pull-in voltage, the cantilever and 
the ground plane are open-circuited and there is no DC current. At the pull-in voltage, the 
sharp event of the pull-in phenomenon of a cantilever causes the cantilever and the ground 
plane to be short-circuited and a non-zero DC current can be observed. The closed form 
expression for the pull-in voltage apparently does not apply to tapered-width cantilevers. An 
empirical form will be derived from the measured pull-in voltages for tapered structures. 
Furthermore, before the pull-in event we don't have any knowledge about the deflection and 
the bending-induced capacitance change of a cantilever using the method in [11]. A simple 
reflection coefficient (Su) measurement to extract the capacitance change at a bias voltage 
with respect to that at the zero bias voltage will be discussed. 
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Since the two-chip approach suffers very much from the effect of parasitics, we are also 
interested in the measurement of the motion-induced signal from a microstructure under 
excitation with off-chip circuitry in a 'quasi' two-chip approach: one with only mechanical 
structures and the other 'chip' (printed-circuit board) the readout circuitry. The mechanical 
parts, cantilevers and bridges mostly, were fabricated by the foundry services, MUMPs* 
processes, provided by Cronos Integrated Microsystems and the electronic part is the 
integrated circuit assembled on a FR4 printed-circuit board. The measurement principle, the 
elctromechanical amplitude modulation (EAM) [12], will be discussed and a demodulation 
circuit will be developed. 
Another method to minimize the parasitics effect in the two-chip approach is using the 
matching network to match the input impedance of the mechanical part to the characteristic 
impedance of the measurement system and obtain the most sensitive condition to any 
motional induced input impedance change. This method, together with a demodulation 
circuit, might be a good readout circuit for a micro sensor. 
1.2 Dissertation organization 
In Chapter 2, we will study some MEMS device physics. From the static behavior study, 
we will develop a useful program from the finite difference form of the governing 4*-order 
equation of a cantilever to calculate the pull-in voltages for three different functions for the 
tapered-width cantilever in our study. The resonance frequency of a cantilever can be found 
using Rayleigh's method in which a guess of a mode shape is required in order to calculate 
the potential energy of the structure and hence the conservation of energy can be used to 
solve the resonance frequency. A modified Rayleigh's method is less dependent on the mode 
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shape and gives a much better result. Our approach is to use the influence coefficient 
method, a mechanical version of Green's function, to calculate the resonance frequencies and 
mode shapes of a given cantilever. A short discussion of the quality factor of a cantilever 
followed by a derivation of the electromechanical transduction is also presented in this 
Chapter. A brief discussion of the fabrication processes, the design parameters, and layouts 
of microstructures under study are presented in Chapter 3. 
Some micrographs of the microstructures taken by a scanning electron microscope are 
shown in Chapter 4. The DC measurement by the measurement method in [11] and the 
measurement results for various structures are also presented. In Chapter 5, we will discuss 
the sensitivity of the reflection coefficient to the input impedance of a one-port device 
(cantilever) and deduce two methods to maximize the sensitivity to detect the deflection 
induced input admittance change without on-chip circuitry by RF measurement techniques. 
In Chapter 6. the method to measure a microstructure is discussed. An off-chip readout 
circuit to demodulate the electromechanical amplitude modulation due to the motion of a 
comb resonator is presented. The ability of this demodulation circuit to measure the 
frequency response of a comb resonator is demonstrated with some measurement results. 
The resonance frequencies and the quality factors of cantilevers are given and a direct 
measurement method is used to measure the frequency responses of cantilevers with small 
dimensions. The Anal Chapter contains some conclusions and discussions. 
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Chapter 2. Fundamental of MEMS Device Physics 
In a wide variety of actuation mechanisms, perhaps electrostatic fields are best suited for 
producing actuation in small devices. The surface micromachining process provided by the 
foundry MCNC suggests electrostatic actuation, since no specialized materials (other than 
three polysilicon thin Alms and gold) or processing are available. Besides, it is easy to 
electrically isolate the different structural components. Most implementations use a 
capacitive sensing technique to measure the movement of a micromechanical structures due 
to external force. This is a significant advantage as the capacitors drift little with temperature 
and therefore temperature compensation circuitry is minimal. 
In this chapter, we first study the parallel-plate capacitor as an actuator, then analyze the 
static mechanical properties of a uniform cantilever beam, fixed-fixed uniform beam (bridge), 
and then generalize the analyses to tapered-width cantilever and tapered-width bridge 
structures. The dynamic mechanical properties of the structures under study such as the 
natural frequencies and frequency responses by an approximate method are also discussed. 
At the last, we will discuss the electromechanical transduction of these microstructures. 
2.1 Static behaviors of simple structures 
2.1.1 Parallel-plate capacitor [13] 
Consider a parallel-plate capacitor in Figure 2.1 in which the plates are rigid and 
constrained from moving. Further assuming the gap is small compared to the width of the 
plates, such that the fringing field can be ignored, the capacitance is therefore 
C = ^, (2.1) 
o 
where 4 denotes the dielectric permittivity of the medium (air) between the plates, A is the 
area of the plates, and is the gap between the plates. The electrostatic potential energy 
stored in the volume between the plates when a voltage difference F is applied to the plates is 
[/=lcy\ (2.2) 
This potential energy is equivalent to the work required to bring electric charges to the plates. 
An attractive force F can be derived by taking the negative of the gradient of the potential 
energy between the plates 
F = -V[/. (2.3) 
Substituting (2.1), (2.2) into (2.3) we obtain 
If the top plate is free to move, this attractive force will move it downward. This 
decreases the gap d and hence increases the electrostatic force. This feedback process will 
eventually make the top plate collapse onto the bottom plate at some particular voltage. 
Since the top plate is usually anchored on at least one of its four sides, a new equilibrium 
position of the top plate is reached if the electrostatic force can be balanced by the restoring 
force in the structure. At some deflection, the internal restoring force will fail to support the 
structure and it will collapse on the bottom plate. This suggests there exists a threshold 
voltage or so called the pull-in voltage [14], which will generate a large enough electrostatic 
force to make the top plate snap onto the bottom plate. If the top plate is anchored on one of 
its four sides, it is considered a cantilever beam, and if two opposite sides are anchored, a 
fixed-end beam. 
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V 
Fig. 2.1. A parallel-plate capacitor with a voltage difference V. 
2.1.2 Cantilever beam 
Consider a uniform cantilever beam (Figure 2.2) subjected to an electrostatic force 
induced by a voltage difference between the beam and the ground plane. Initially, a uniform 
electrostatic force distribution is assumed but once the cantilever is deflected, the electric 
charge redistribution will induce a position-dependent load distribution. The gap underneath 
the cantilever obviously varies along the length of the beam with the maximum deflection at 
the tip of the cantilever. From (2.4), the electrostatic force is a function of gap At position 
% on the cantilever the attractive electrostatic force is 
(2.5) 
where v(x) is the displacement of cantilever at point x. The deflection-voltage relationship 
can be derived by the well-known beam and plate theory [15]. The beam can be analyzed by 
solving the fourth-order differential equation 
ax 
(2.6) 
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where vfxj is the deflection at point x, F is the Young's modulus of the material, 7 is the 
moment of inertial, and the g is the distributed load along the length of the cantilever. The 
load is given as 
= -
F (2.7) 
Ax 2[d - v(x)]" 
where w is the width of the cantilever at position x. An analytical solution of deflection to 
this 2-D distributed model is hard to derive, if not impossible. The finite-difference method 
is probably the simplest way to solve this problem numerically. Equation (2.6) in finite 
difference form is given as 
v(x + 2A) - 4v(x + A) + 6v(x) - 4v(x - A) + v(x - 2A) , . 
E i  — 4  =  q ( x ) ,  (2.8) 
where A is the length of each differential element. The boundary conditions are v(0) = 0, 
cfv(O) / d!x = 0, <f^v(Z,)/dk^ = 0, and = 0. Assembling all the discrete points on 
the cantilever, equation (2.8) will form a banded matrix as following 
7 -4 1 0 . . 0 " vi " 1/%-v,): " 
— 4 6 —4 1 0 V2 1/(4,-v,): 
1 -4 6 -4 1 . v3 1/(4,-",/ 
0 
_ 
0 22/ 
. 1 -4 6 —4 1 V N -2 1/(4 - v.%-2) 
. I -4 5 -2 V N - l  1/(4 
0 . . 0 2 -4 2 _ 
. 
VA' . 1/(4, 
(2.9) 
Since an unknown displacement vector v appears on both sides of equation (2.9), an iterative 
relaxation method [4] can be implemented to solve for v. The algorithm for this self-
consistent iterative process is as follows: 
11 
Initial guess of displacement vector y 
While Jv > tolerance 
Solve Vf 
Calculate Jy = v, — y^ 
vw = y, + 
Obtain new load vector # 
End 
Solution y, 
where is the relaxation constant. After several numerical experiments, we found that a 
relaxation constant between 0 and 1.9 guarantees numerical stability. 
As the cantilever bends downward, the electrostatic forces become increasingly 
concentrated at the free end (Fig. 2.3 ) so that at a particular voltage, known as pull-in voltage 
Vpi, the load distribution causes the cantilever's position to become unstable. Beyond this 
particular voltage the cantilever undergoes spontaneous deflection [13] [16]. This 
phenomenon can be observed in the iterative process by observing numerical stability, this is, 
the solution of the displacement at discrete points does not converge for a voltage greater 
than the pull-in voltage. This numerical instability results from zero incremental stiffness of 
the beam. A typical gap vs. voltage relationship in Fig. 2.4 shows this numerical instability. 
Analytically, the pull-in voltage can also be derived from the equilibrium between the 
electrostatic force and the restoring force of the cantilever's lumped model in Fig. 2.5. At 
equilibrium 
ybrce = #(d -(f) = 0. (2.10) 
Equation (2.10) gives the gap as a function of the applied voltage 7. There exists a 
maximum value of applied voltage Vp beyond which the restoring force fails to maintain 
equilibrium, and the spacing immediately goes to zero. Setting the derivative of equation 
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(2.10) equal to zero shows that the pull-in voltage when = 2^/3 (d Ix-o" ^o) 
From (2.10) 
V « = -
27G„v4 
(2.11) 
Using (2.11), the spring constant AT can be calculated from a known F# and the geometry of 
the cantilever. Since the pull-in phenomenon is a sharp event, Pf/ can be determined with 
good accuracy. Considering the fringing field effect, equation (2.11) can be corrected to first 
order to be 
r,/ = 
27e^[l + 0.42—^] 
w 
(2.12) 
F 
Fig. 2.2 A cantilever with a voltage difference Vbetween it and ground plane. 
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(a) 
I k 
y 
(b) 
Fig. 2.3. Load distribution on the cantilever beam: (a) initial uniform load and (b) non-uniform load 
after cantilever beam deflected. 
1 0 -
i(f [ Numerical Instabiltiy Pull-in Voltage 
% : 
g 
r 
1 : 
= 10" ; 
S : 
'G 
I ! 
B10* r  
10  s '  
10" 3 4 
Voltage 6.4 
Fig. 2.4. When the applied voltage is greater than 6.4V", the displacement at the tip of the cantilever 
beam with dimensions 300// m x 10/4 m x m does not converge and shows a numerical instability. 
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/ / / / / / / /  
K 
V 
~L / / / / / / / /  
d 
Fig. 2.5. Lumped model of a cantilever used to carry out the analytical pull-in voltage. 
2.1.3 Bridge structure 
Since both ends of a Bridge or fixed-end beam (FB) structure are fixed as shown in Fig. 
2.6, any residual stress within the beam will affect the deflection. A fourth-order differential 
equation is given below to describe the deflection of a FB. 
d*v(.%) 
E7 - - T - = gM, (2.13) 
where T is equal to crwf, f is the thickness of the beam and <7 is the stress in the beam. The 
pull-in voltage is hence dependent on the stress. Equation (2.13) can also be solved by the 
finite difference method with boundary conditions v(0) = 0, dv(0)/dk = 0, v(Z,) = 0, 
<fy(Z,)/dk = 0. For the second term on the left-hand-side of equation (2.13), the finite 
difference form is 
v(% + A) - 2v(x) - v(% - A) (2.14) 
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which should be combined with the finite difference form of the first term resulting in the 
following matrix: 
o
 
o
 
1 n [ 2 0  0  "  1 I £ 
- 4 6 — 4 1 .  v 2  - 2  1 0  l / ( d 0  -  V 2 ) ~  
1 - 4 6 - 4 1  v 3  1 - 2 1 0  W 0  -v3)2 
xf-1 
-
o
 1 
o
 
V 4  
T  
0  1 - 2 1 0  
: 1
 
1
 1/(^0 -v4)~ 
h 1  0  1 - 2 1  0  
2  
1 - 4 6 - 4 1  0  VA'~3 W o  -VjV-3) 
1 - 4 6 - 4 1  v N - 2  0  1 - 2 1  W o  ~ V N ~ 2 )  
1 - 4  6 - 4  V N - 1  0  1  - 2  1  / ( d 0  - v N _ i )  
0  1  - 4  7  
. 
V N  .  0  0  2  W o  ~  m f  
(2.15) 
The same iterative procedure for solving for the cantilever's displacement vector v can also 
then be used to solve the displacement along the beam. The accuracy of the 2-D model, 
equation (2.13), was verified by a comparison of six beam test cases with the published data 
using the full 3-D MEMCAD self-consistent electromechanical simulation in Table 2-1. 
Table 2-1 
Comparison of FB pull-in simulation 
Pull-in simulation using the 2-D distributed model was performed on six FB test cases, were the beam 
length and residual stress were varied. In each case, E - 169 G Pa, v - 0.06, width = 50 fxm, 
thickness = 3 u  m  , and gap = 1  j u m  .  
Beam properties 
(2D distributed) 
V p ,  
(MEMCAD) A% Length (jJm) Stress (M P a )  
250 0 39.2 40.1 2J% 
250 100 57.9 57.6 0.5 % 
250 -25 317 33.6 2.7% 
350 0 20.0 20.3 1.5% 
350 100 36.3 35.8 1.4 % 
350 -25 12.6 13.7 8.0* 
16 
Bridge 
Contact Pad Ground Plane 
Figure 2.6. Cross sectional view of a bridge structure. 
2.1.4 Tapered structures 
By the constraints of the fabrication processes, width is the only design parameter to vary 
along the length of a cantilever or a fixed-end beam once the length is fixed. A modification 
of moment of inertia is necessary to account for any taper function of width. Rewriting 
equation (2.6) and equation (2.13), we have 
^-[E/(z) ^ ] = g(z) (2.16) 
for a cantilever, and 
(2.17) 
6k" 
for the fixed-end beam. Because of the tapered width, the moment of inertia /is a function of 
position along the length such that it is necessary to expand the first terms on the left-hand-
side of both equations (2.16) and (2.17) as, 
2E/V"+E/"v"+E/v^. (2.18) 
17 
Expanding each term in equation (2.18) in Suite difference form and combining them 
together with the remaining tenns in equations (2.16) and (2.17), these two general finite 
difference equations can be used to solve any tapered cantilever and tapered bridge. 
Two Matlab programs are implemented (Appendix A) to solve these two equations for 
three kinds of taper functions considered in our design, which are linear, parabolic, and 
exponential functions. The uniform width structure is only a special case of the taper 
function (zero taper). 
2.2 Dynamic behavior of simple structures 
A vibrating microstructure can be modeled by a second-order system, which requires 
knowledge of the effective mass, effective spring constant, and the damping coefficient. For 
a simple geometry, it is straightforward to calculate the effective mass and effective spring 
constant. But for a complex structure such as a tapered cantilever, it is not so obvious how to 
derive them from its dimensions. In this section, the resonant frequencies of a uniform 
cantilever beam and a fixed-fixed beam are calculated by an approximate method (flexibilty 
influence method). An extension of this approximate method is made to predict the resonant 
frequencies of tapered structures. The quality factor is then discussed briefly. The 
electromechanical transfer function relating the sinusoidal voltage to the sense current of a 
microstructure can be obtained from the knowledge of the first resonant frequency and the 
quality factor. 
The lumped-parameter method is probably the simplest method for the approximate 
solution of the eigenvalue problem for distributed systems [17]. The approach is based on the 
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integral formulation of the eigenvalue problem, which instead is based on the concept of a 
flexibility influence function. Consider the cantilever beam of Fig. 2.7, and define the 
flexibility influence function a(z, ^ ) as the displacement at point % due to a unit force at 
point f. Then, the total displacement at point % at time f due to the entire distributed force is 
simply 
y(%,f) = fa(z,^)/(^,f)d^ (2.19) 
o 
In free vibration there are no external forces, so that the force density /(^,f) is entirely due 
to the inertial forces. Hence, denoting the mass density by m(^), we have 
where y(^) is the vibration amplitude, w the vibration frequency and ^ a phase angle. 
Inserting equations (2.20) and (2.21) into equation (2.19) and dividing through by 
cos(wf - 0), we obtain the integral form of the eigenvalue problem 
Br 
(2.20) 
And the harmonic of the free vibration is 
y(^,f) = y(^)cos(wr-^), (2.21) 
L  
yM = ^ ja(z,^)m(^)y(^)^, A = (2.22) 
o 
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Figure 2.7 Cantilever beam in bending. 
2.2.1 The equation of motion of a simple cantilever beam 
Consider the system of Figure 2.8 (a). The cantilever can be divided into many small 
mass units of unit length Ax. In order to find the frequency response of the cantilever, the 
influence coefficient method described above is used to obtain the spring constant matrix [&]. 
Apply a load f on a distance from the fixed end of the cantilever as shown in Fig. 2.8 (a), 
the static deflection is given as 
fW = 0 < x 
(2.23) 
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h— ^  —H 
û. 
^0 element 
y 
/ 
M 
i • i • i 
h x< H 
Fig. 2.8 (a) A load P acting on xj from the fixed end. (b) divide the cantilever into N elements, (c) the 
free body diagram of i t h  element. 
Let P  acting on x, be a unit load, and replace ç  with x j  and a with x,. The influence 
coefficient is then 
_ 
x i  
- i 
i * j  
(2.24) 
And further divide the cantilever into TV elements as shown in Fig 2.8 (b). For the element, 
the mass is m = Af/TV, and the length is Ax = Z/9V, x, = (; - 0.5)Ax, x = (^' - 0.5)Ax, and 
a„=( i-0;5)W(3.-.-iX 
' If 6E7 (2.25) 
Since the influence coefficients are symmetric about the diagonal elements, % is equal to <%,. 
Consider the free body diagram of the ^ element as in Fig. 2.8 (c). If there is no external 
force, the equation of motion is 
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M = = -[a] [/»][);] 
=> M[m][y] + [y] = 0 
[y] + [m^[ar'[y] = 0 
(2.26) 
From the 3"^ line of (2.26), it is clear that the spring constant matrix [&] is equal to [a] ^. 
And if we define to be the dynamic matrix of the system, the natural frequencies of 
the system can be derived from the eigenvalues of the dynamic matrix, and the corresponding 
mode shapes from the eigenvectors. If there is a non-zero external force vector [?«*], with 
magnitude P0 sin(codt) for each component in the vector, acting on the center of each unit 
mass unit, the equation of motion is 
where [yo] is the static deflection vector of the cantilever beam under external force [?«,], and 
#0 is the fundamental frequency of the cantilever. If a damping coefficient 77 is considered, 
then 
(2.27) 
The steady state solution of the deflection of the cantilever beam is 
[X; <%,)] = —^ (2.28) 
(2.29) 
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The quality factor g is defined as 
2 = — (2.30) 
27? 
The frequency response of a cantilever with length 300 //m, width 4 ///» and thickness 2 
//m is shown in Fig. 2.9, which shows the deflection is on the order of 10 * m around the 
resonant point if a damping factor rj = 0.083 is assumed [18]. The mode shapes of the first 
three normal modes are shown in Fig 2.10. 
frequency response of a cantilever 
§0.5 
110 100 
frequency (kHz) 
-50 
-200 100 110 
frequency (kHz) 
Fig. 2.9 The frequency response of a cantilever with dimensions 300 x 4 /an x 2 /an. 
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mode shapes of a care lever 
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Fig. 2.10 The first three mode shapes of a cantilever with dimensions 300 jMn x 4 /Jm x 2 /Jm. 
According to Newton's second law, a large mass is needed to obtain a higher sensitivity 
to external force, and from Hooke's law, a smaller spring constant is necessary to obtain a 
larger deflection for a cantilever under external force. A large mass added to the end of a 
cantilever is very commonly used to increase the sensitivity but is not desired sometimes 
since it not only greatly reduces the bandwidth of the system but it also introduces a larger 
damping due to its large area when operated in the atmosphere. It is clear that these two 
adjustments conflict with each other. Compromising these two considerations, a tapered 
cantilever with a wider free end is investigated. It is expected to have an improved sensitivity 
to external force and a moderate bandwidth. It is also advantageous for an RF signal 
propagating along the tapered structure without significant reflection at places where abrupt 
changes of width occur along the length of a structure. 
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2.2.2 Extension to a tapered cantilever beam 
For a tapered width cantilever, the influence coefficient can be rewritten below according 
to the first and second moment-area theorems [15]. 
where the moment of inertia / is 
= (2.32) 
where f is the thickness of the cantilever. By taking advantage of the symbolic computation 
in Matlab (Appendix A), the effort to find the influence coefficient matrix can be greatly 
reduced. Once the influence coefficient matrix is obtained, the same procedure as used in 
section 2.2.1 can be followed to derive the resonant frequency of the tapered cantilevers. 
2.2.3 Extension to a tapered bridge 
For a tapered width bridge in Fig. 2.11, the influence coefficient is of the same form as 
equation (2.31) and is given below. 
where the moment M(x) is 
x (L — x )2 (L — x )2 
M(z) = ' , ' +- (2a,. +Z,), (2.34) 
For a unit load P on a, and the moment of inertia /(%) is the same as equation (2.32). The 
symbolic computation in Matlab can be again utilized to carry out the integration and to 
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derive the operational expression of influential coefficient a#. Once the influence coefficient 
matrix is obtained, the same procedure in section 2.2.1 can be followed to derive the resonant 
frequency of a tapered bridge. 
2.2.4 Quality factor 
Several energy-loss mechanisms are responsible for the finite g of resonant 
microstructures. If a microstructure operates in atmospheric air, the major factor is the 
viscosity of air. The vibration normal to the substrate is characterized by the so-called 
squeeze-Sim damping effect, which refers to the energy that must be dissipated to displace 
the air in the beam-to-substrate gap as it vibrates vertically. This effect can be modeled by a 
damping coefficient. For a beam with length Z, much greater than its width the quality 
factor is given by [20] 
P 
Fig. 2.11 A load P acting on Xj from the left end of the bridge. 
(2.35) 
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where ^ is the absolute viscosity of air (1.8x10"^ ), /? the density of the material, do is 
the offset between the microstructure and the substrate. For the tapered-width structures, the 
width can be approximated with a mean value of the width. 
2.3 Electromechanical transduction [20] 
Having completed the analysis of mechanical properties, it remains to And the 
electromechanical transfer function of the microstructure under study. Consider the applied 
voltage to be a function of time y=F(f) in Fig. 2.2 in section 2.1 and rewrite equation (2). 
We have the electrostatic energy U in the capacitor 
C/ = ^C(f)y(f)\ (2.36) 
where y(f) is the total voltage on the capacitor, given by 
m = y?+v„(f). (2-37) 
The capacitor is now time-varying and after the start-up transient is 
Q(') = -^- (238) 
d(r) 
where <f(f) = + y(f) and A is the area of the capacitor. Following Timoshenko's general 
treatment [21], the vertical deflection of the cantilever y(x,f) is expressed in terms of the 
normal modes <D, (z) by the summation 
ylx,r)=ZPi(0$,W (2-39) 
;•=i 
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where p, (f ) are functions of time. We can simplify this equation because in most cases the 
external force will primarily excite the first normal mode and the damping factor for higher 
modes are large. Therefore, we can approximate y(x,f) by the first term of the sum, 
y(z, 0 = Pi (?)$ i W, (2.40) 
and the static mean deflection of the cantilever is 
1 L 6 =-}$,(%)<&, (2.41) 
and y(f) can therefore be expressed as 
y(f) = 6#(f). (2.42) 
We And the time-varying force /(f) on the cantilever by differentiating equation (2.36): 
which yields 
/(f) = lfoA(Vr +v/f))^d(f). (2.44) 
This equation can be linearized in terms of y(f) if we assume y(f) « d(f), which is true in 
normal operation. The result is 
/(') = i (-9-)^' + 2^v^ (f) + ' (f))(! - ^ p_), (2.45) 
2d a 
where Cj = ggA/d . Only the component of /(f) at the frequency of the sinusoidal drive 
voltage Vj (f) is of interest in equation (2.45). Collecting terms and using phasor notation, 
we obtain 
F(;w) = . (2.46) 
The second term represents the force on the cantilever due to its movement in the constant 
field generated by the dc bias voltage Vp. The ratio of the mean deflection to the total driving 
force is given 
=^ . (2.47) 
F(;(U) l-((u/(W;) +y(a)/<2^) 
where ^ is the fundamental frequency, AT is the effective spring constant, and (2 is the 
quality factor of the resonance. Substitution for F{jco) in terms of the mechanical transfer 
function M(yw) and y(y#) yields 
y(;w)[(l/M(;w)) + (Cd/^)v/] = (C^ /d)^ (;&;). (2.48) 
Finally, the electromechanical transfer function JV(y#) = y (y a;) / (y&;) is 
NUo), >'c<v r«*) , (2.49, 
[l-(<w/^)^ +g] + ;(A)/G^) 
where the parameter g is 
(2.50) 
The effect of g is to reduce the apparent peak in #(./#) at the mechanical resonance, as is 
obvious from inspecting equation (2.49). Note that equation (2.49) is a general 
electromechanical transfer function applied to either a cantilever or a bridge structure. 
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2.4 Summary 
In this chapter, we have discussed both the static and dynamic behaviors of simple 
structures under study and a short derivation of the electromechanical transduction. Since the 
moment of inertia of a tapered structure is position-dependent, the 4* order differential 
equation describing the deflection of such a structure was implemented in a finite difference 
form and solved by a self-consistent iterative process. The numerical instability is found to 
be the indication of the pull-in event and therefore a pull-in voltage can be obtained. An 
approximate method (Influence coefficient method) is useful to calculate the resonant 
frequencies of tapered cantilever beams and bridges. This method gives not only the 
resonance frequencies but also mode shapes for each mode. 
Since the deflections of the structures under study are normal to the substrate, the 
dominating damping process, squeeze-film damping effect, is assumed and the quality factor 
can be estimated from the effective width, the length of a structure and viscosity of air if 
operated in the atmosphere. Finally, an electromechanical transduction was derived to show 
the interaction between electric behavior and mechanical behavior of microelectromechanical 
structures. 
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Chapter 3. Fabrication Processes and Test Structure Design 
In this chapter the fabrication process will be first described briefly. The design 
parameters and layout of test structures are then presented. The foundry process is the Multi-
User MEMS Processes or MUMPs [22], which is a cost-effective, proof-of-concept surface 
micromachining fabrication. Since MUMPs is designed for general purposes, designers are 
restricted to the available materials, the associated physical properties with them, and the 
available processes. This process has the general features of a standard surface 
micromachining process: (1) polysilicon is used as the structural material (2) deposited oxide 
(PSG) is used as the sacrificial layer. 
Layout of test structures was done in ICED, an IC layout editor. Since only rectangular 
geometry can be drawn in ICED, any non-rectangular shape is approximated by smaller 
boxes. The major test structures are cantilevers but some bridge structures are also chosen. 
3.1 The fabrication processes 
The MUMPs process is a three-layer polysilicon surface micromachining processes. The 
process flow is described below and is supplemented by detailed drawings that show the 
process flow in the context of building a typical cantilever. 
The process begins with 100 mm fz-type (100) silicon wafers of 1-2 OAm-cm resistivity. 
The surfaces of the wafers are first heavily doped with Phosphorus in a standard diffusion 
furnace using fOC/j as the dopant source. This helps to reduce or prevent charge 
feedthrough to the substrate from electrostatic devices on the surface. Next, a 600 mm low-
stress LPCVD silicon nitride is deposited on the wafers as an electrical isolation layer. This 
is followed directly by the deposition of a 500 nm LPCVD polysilicon film — Poly 0. Poly 0 
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is then patterned by photolithography, a process that includes the coating of the wafers with 
photoresist (Fig. 3.1), exposure of the photoresist with the appropriate mask and developing 
the exposed photoresist to create the desired etched mask for subsequent pattern transfer into 
the underlying layer (Fig. 3.2). After patterning the photoresist, the Poly 0 layer is then 
etched in an RIE (Reactive Ion Etch) system (Fig. 3.3). A 2.0 ///% phosphosilicate glass 
(PSG) sacrificial layer is then deposited by LPCVD (Fig. 3.4). This layer of PSG, known as 
first oxide, is removed at the end of the process to free the first mechanical layer of 
polysilicon. The wafers are then patterned with the second mask, ANCHOR1, and reactive 
ion etched (Fig. 3.5). This step provides anchor holes that will be filled by the Polyl layer. 
After etching ANCHOR 1, the first structure layer of polysilicon (Polv 1) is deposited at a 
thickness of 2.0 pim. A thin (200 nm) layer of PSG is deposited over the polysilicon and the 
wafer is annealed at 1050° C for 1 hour (Fig. 3.6). The anneal dopes the polysilicon with 
phosphorus from the PSG layers both above and below it. The annealing also serves to 
significantly reduce the net stress in the Poly 1 layer. The polysilicon layer (and its PSG 
masking layer) is lithographically patterned using a mask designed to form the first structural 
layer Poly 1. The PSG layer is etched to produce a hard mask for the subsequent polysilicon 
etch. The hard mask is more resistant to the polysilicon etch chemistry than the photoresist 
and ensures better transfer of the pattern into the polysilicon. After etching the polysilicon 
(Fig. 3.7), the photoresist is stripped and the remaining oxide hard mask is removed by RIE. 
After Poly 1 is etched, a second PSG layer (second oxide) is deposited (Fig. 3.8). The 
second oxide is patterned using two different etch masks with different objectives. The 
POLY1POLY2 VIA level provides for etch holes in the second oxide down to the Poly 1 
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layer. This provides a mechanical and electrical connection between Poly 1 and Poly 2 
layers. The POLY1POLY2VIA layer is lithographically patterned and etched by RIE (Fig. 
3.9). The ANCHOR2 level is provided to etch both the first and second oxide layers in one 
step, thereby eliminating any misalignment between separately etched holes. More 
importantly, the ANCHOR2 etch eliminates the need to make a cut in first oxide unrelated to 
anchoring a Poly 1 structure, which needlessly exposes the substrate to subsequent processing 
that can damage either Poly 0 or nitride. The ANCHOR2 layer is lithographically patterned 
and etched by RIE in the same way as POLY1POLY2VIA. 
The second structure layer, Poly 2, is then deposited (1.5 am thick) followed by the 
deposition of 200 am PSG. As with Poly 1, the thin PSG layer acts as both an etch mask and 
dopant source for Poly 2 (Fig. 3.10). The wafer is annealed for one hour at 1050° C to dope 
the polysilicon and reduce the residual film stress. The Poly 2 layer is lithographically 
patterned with the seventh mask (POLY2) and the PSG and the polysilicon layers are etched 
by RIE using the same processing conditions as for Poly 1. The photoresist then is stripped 
and the masking oxide is removed (Fig. 3.11). 
The final deposited layer in the MUMPs process is a 0.5 /j/» metal layer that provides for 
probing, bonding, electrical routing and highly reflective mirror surfaces. The wafer is 
patterned lithographically with the eighth mask (METAL) and the metal is deposited and 
patterned using lift-off. The final, unreleased structure is shown in Fig. 3.12. Fig. 3.13 
shows the device after sacrificial oxide release. The release is performed by immersing the 
chip in a bath of 49% HF (room temperature) for 1.5-2 minutes. This is followed by several 
minutes in DI water and then alcohol to reduce stiction followed at least 10 minutes in an 
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oven at 110° C. Stiction of released devices is common problem. One way to minimize this 
effect is to dry the chips after HF release by critical point drying in CO;. HF release followed 
by supercritical CO: drying was used to release and dry our chips to minimize the probability 
of stiction. 
1 , Poly 0 
" Nitride 
Silicon substrate 
Fig. 3.1. The surfaces of the starting «-type (100) wafers are heavily doped with phosphorus in a 
standard diffusion furnace using POCl3 as the dopant source. A 600 nm blanket layer of low-stress 
silicon nitride is deposited followed directly by a blanket layer of 500 nm polysilicon film (Poly 0). 
The wafers are then coated with UV-sensitive photoresist. 
Nitride 
Silicon substrate 
Fig. 3.2. The photoresist is lithographically patterned by exposing it to UV light through the first level 
mask (POLYO) and then is developed. The photoresist in exposed areas is removed leaving behind a 
patterned photoresist mask for etching. 
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Poly 0 
Etch 
Silicon substrate 
Nitride 
Fig. 3.3. Reactive ion etching (RIE) is used to remove the unwanted polysilicon. After etch, the 
photoresist is chemically stripped in a solvent bath. This method of patterning the wafers with 
photoresist, etching and stripping the remaining photoresist is used repeatedly in the MUMPs process. 
Silicon substrate 
/ 1st Oxide 
Nitride 
Fig. 3.4. A 2-um layer of PSG is deposited on the waters by LPCVD. This is the first sacrificial layer. 
ANCHORl 
Etch 
I 
Silicon substrate 
l9t Oxide 
Nitride 
Fig. 3.5. The wafers are re-coated with photoresist and the second level (ANCHOR 1) is 
lithographically patterned. The unwanted oxide is removed in an RIE etch and the photoresist is 
stripped. 
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— Poly 1 
Oxide 
Nitride 
Silicon substrate 
Fig. 3.6. A blanket 2.0 fim layer of un-doped polysilicon is deposited by LPCVD followed by the 
deposition of 200 nm PSG and a 1050° C /I hour anneal. The anneal serves to both dope the 
polysilicon and reduce its residual stress. 
PSG 
mask 
Poly 1 
1st Oxide 
Nitride 
Silicon substrate 
Fig. 3.7. The wafer is coated with photoresist and the third level (POLYl) is lithographically 
patterned. The PSG is first etched to create a hard mask and then Polv 1 is etched by RIE. After etch 
is completed, the photoresist and PSG hard mask are removed. 
Silicon substrate 
2nd Oxide 
Poly 1 
— 1st Oxide 
Nitride 
Fig. 3.8. The second oxide layer, 0.75 fim of PSG, is deposited on the wafer. This layer is patterned 
twice to allow contact to both Polv 1 and the substrate layers. 
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Pl_P2_Via 
Etch 
2nd Oxide 
Poly 1 
131 Oxide 
Nitride 
Silicon substrate 
Fig. 3.9. The wafer is coated with photoresist and the fourth level (POLY 1 _POLY2_VIA) is lithographically 
patterned. The unwanted second oxide is RIE etched, stopping on Poly 1, and the photoresist is stripped. 
Polv 2 
2nd Oxide 
Polv 1 
— 1st Oxide 
Nitride 
Silicon substrate 
Fig. 3.10. A 1.5 ium undoped polysilicon layer is deposited followed by a 200 nm PSG hard mask layer. The 
wafers are annealed at 1050° C for one hour to dope the polysilicon and reduce the residual film stress. 
Silicon substrate 
Poly 2 
-2nd Oxide 
Poly 1 
1st Oxide 
Nitride 
Fig. 3.11. The wafer is coated with photoresist and the fifth level (POLY2) is lithographically patterned. The 
PSG hard mask and Poly 2 layers are RIE etched and the photoresist and hard mask are removed. All mechanical 
structures have now been fabricated. The remaining steps are to deposit the metal layer and removed the 
sacrificial oxides. 
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Metal 
Silicon substrate 
Polv 2 
—- 2nd Oxide 
— Poly 1 
— 181 Oxide 
Nitride 
Fig. 3.12. The wafer is coated with photoresist and the sixth level (METAL) is lithographically patterned. The 
metal (gold with a thin adhesion layer) is deposited by lift-off patterning, which does not require etching. The 
photoresist and unwanted metal (atop the photoresist) are then removed in a solvent bath. 
Fig. 3.13. The structures are released by immersing the chips in a 49% HF solution. The Poly 1 cantilever can be 
seen above Poly 0 ground plane. The stacks of Poly 0, Polyl, Poly 2, and metal on the left side are pad structure 
for electric contact. 
3.2 Test structure design and layout 
Cantilevers are the major test structures in our experiment. Some bridge structures are 
also selected. According to the foundry process above, some general considerations of 
structure design are specified in our design process: 
1. Poly 0 layer is used to form a ground plane for electric connection. 
2. Poly 1 layer is used as the structure layer. All the free moving parts of a structure are 
on this layer. 
3. Poly 2 and metal layers are not used in our design except for contact pads. 
4. Stiction: Stiction is the phenomenon where the polysilicon layer sticking together 
during the wet etchant drying process. Two fresh polysilicon surfaces are pulled 
together by capilliary force when the wet etchant between two layers dries out. The 
dangling bonds on the surfaces eventually bond with each other to form molecular 
bonds. Due to stiction, the movable structure is stuck and can't move freely as it is 
expected to. Though it is possible to pick the structure up with probe tip and make 
them separate, it might damage the structure and change mechanical properties of the 
structure permanently. In order to avoid the stiction problem, there are limits to the 
length and the area of movable parts of a structure. Although there is no specific 
design rule for these limits, generally the length to width ratio for cantilevers and the 
area should be kept as small as possible. If a large area is needed, scattered open 
windows on movable structures are usually used to reduce the capilliary force. This 
can also reduce the damping effect of air when the structure vibrates if the chip 
operates in air. 
There are four kinds of taper function for cantilever design, which are zero taper 
(straight), linear taper, parabolic taper, and exponential taper. For each taper function, there 
are several variations in lengths and rates of change in widths. Cantilevers and their mirror 
images are connected together at their open ends to make bridge structures. 
3.2.1 Straight-beam cantilever 
Since the thickness of the Poly 1 layer is fixed, the design parameters of a cantilever are 
then only length and width. A layout example of a straight-beam cantilever is shown in Fig. 
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3.14. There are several groups of straight-beam cantilevers on a chip. Each group has 20 
cantilevers with different widths and lengths as shown in Table 3-1 and the corresponding 
layout is shown in Fig. 3.15. The straight-beam cantilevers are designed for the extraction of 
the Young's modulus of Polysilicon in Poly 1 layer. 
! f- Pad 
Cantilever 
1 
| 
i f 
— length —» 
Ground Plane 1 i 
Fig. 3.14. A layout example of a simple cantilever beam 
Note that the size of the top most layer of a pad is ISjumx 7 5 u.rn . 
Table 3-1 
The dimensions w, and L (both in pm ) of simple canti levers in a group 
The first number stands for width and the second for length. 
^column 
row\^ 1 2 3 4 
1 12,106 12,206 12, 306 12,406 
2 32,106 32,206 32,306 32, 406 
3 52,106 52, 206 52, 306 52,406 
4 72, 106 72,206 72, 306 72, 406 
5 92,106 92,206 92, 306 92, 406 
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Fig. 3.15. The layouts of a group of simple cantilever beams. 
3.2.2 Linear-tapered cantilever 
For linear taper function in width, w(x) = w0 + ax, there are three kinds of slope a (in 
0.2, 0.4, and 0.6. For each slope, there are several different lengths as shown in 
Table 3-2. In order to avoid the stiction of cantilever beams to the ground plane, a structure 
with large area is avoided or some open windows are used to reduce the probabihty of 
stiction. A typical layout is shown in Fig. 3.16 and the layout for this group is shown in Fig. 
3.17. 
j w i n d o w  
Fig. 3.16. A typical layout for a linear-tapered width cantilever beam. 
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Table 3-2 
The lengths of linear-tapered cantilevers for each slope a 
1 2 3 4 5 6 1 7 
Length (/#») 124 174 224 274 324 374 424 
8: MLwm i I 3^9 
n 
r 
n 
Fig. 3.17. The layouts of the group of linear-tapered width cantilevers. 
3.2.3 Parabolic-tapered cantilever 
For parabolic taper function in width, w(x) = Wq + , there are four kinds of constant a 
(in 0.005, 0.01, 0.02, and 0.04. For each a, there are several different lengths as 
shown in Table 3-3. The constant a is chosen to limit width growth as length increases to 
avoid stiction. Due to the growing nature of the parabohc function and the consideration of 
possible stiction, the number of cantilevers is reduced for larger a. A typical layout is shown 
in Fig. 3.18 and the layout for this group is shown in Fig. 3.19. 
Table 3-3 
The lengths of parabolic-tapered cantilevers for each constant a 
1 2 3 4 
Length (urn) 124 174 224 274 
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n -1J: 
Fig. 3.18, A typical layout for a parabolic-tapered width cantilever beam. 
n 
o 
M 
M 
Fig. 3.19. The layouts of the group of parabolic-tapered width cantilevers. 
3.2.4 Exponential-tapered cantilever 
For exponential taper function in width, w(%) = w, e)g(a%), there are four kinds of constant 
a (in //m"'): 0.01, 0.02, 0.03, and 0.04. For each a, there are several different lengths as 
shown in Table 3-3. Since the exponential function grows very fast for a equal to 0.03 and 
0.04, there is only one structure for these two cases. A typical layout is shown in Fig. 3.20 
and the layout for this group is shown in Fig. 3.21. 
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Fig. 3.20. A typical layout for an exponential-tapered width cantilever beam. 
d rr 
Q 
AM i II M 
a 
Fig. 3.21. The layouts of the group of exponential-tapered width cantilevers. 
3.2.5 Bridge structures 
All the above cantilevers and their mirror images are connected together at their open 
ends to make bridge structures. The lengths of bridges are twice those of the cantilevers and 
the widths are the same as those of cantilevers too, except that the widths are symmetric 
about of the centers of bridges structures. Example layouts of a row of parabolic-tapered 
width bridges are shown in Fig. 3.22. 
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Fig. 3.22. The layouts of a row of parabolic-tapered width cantilevers. 
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Fig. 3.23. The layouts of all structure on a chip with area 1 cm". 
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3.3 Summary 
In this chapter we have briefly reviewed the manufacturing process MUMPs with a 
cantilever as an example. We also discussed some considerations about structure design. 
Four types of taper functions, including a 'zero-taper' function, are selected for their simple 
growing nature along the lengths of cantilevers and their bridge counterparts, which are easier 
to layout than other complex functions. Finally, the layouts of each type of structures are 
shown and a die map of area 1 cm2 is shown in Fig. 3.23. 
46 
Chapter 4. Structure Inspection and DC Measurements 
Since the layout tool (ICED) does not support any design rule check, neither does the 
foundry, and stiction happens for some structures during the release process, once the chips 
come back from the foundry, the first thing is to check if the mechanical structures are all 
well fabricated. Though it seems that the MUMPs process is well developed, it doesn't 
guarantee that any structure can be fabricated successfully. It is rather the designers' 
responsibility to make sure their particular structures can survive the fabrication process. In 
order to make sure the mechanical structures are free to move, they are inspected under a 
scanning electron microscope (SEM) to see if there is a clear gap between the ground plane 
and a free moving part. SEM provides a lateral view with an angle between substrate, which 
enables one to look under the movable structures. Another way to inspect if the structures 
are in contact with their ground planes is to measure the DC current while a DC voltage is 
applied across the ground plane and the structure, which forms a capacitor and should 
conduct no DC current. From this measurement, the pull-in voltage can be obtained and 
Young's modulus of the material used to build the mechanical structure (polysilicon in this 
case) can be extracted. Since we are interested in applying RF measurement techniques to 
characterize micromechanical structures, we will also discuss two RF measurement methods 
to extract the deflection induced capacitance change and to maximize the sensitivity of a 
microstructure to the external force. 
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4.1 Inspection of microstructures under SEM 
A phenomenon called stiction often occurs during release process of a movable structure. 
Inspection under a scanning electron microscope (SEM) for stiction is preferred before 
applying any voltage on structures, a short-circuited polysilicon structure might bum out if 
the applied voltage is large enough to cause a large current flowing through the stuck 
structure. Different tapered-width cantilever and bridges are shown in Fig. 4.1 and Fig. 4.2. 
Some side view pictures are shown in Fig. 4.3, Fig. 4.4, and Fig. 4.5 to reveal the air gap 
between released cantilevers and ground planes. Figure 4.6 shows the cantilever was moving 
while the picture was taken. Since the electron beam scans across the cantilever under test, 
electron charges pile up on the surface of the structure and induce a voltage difference 
between the movable cantilever and ground plane and hence an electrostatic force to bend the 
cantilever. If the voltage difference is larger than the pull-in voltage, the cantilever will 
simply snap onto the ground plane. Charge redistribution occurs and the cantilever will raise 
again due to a reduced electrostatic force. While taking the picture, the electron beam from 
the SEM scans so slowly that there may be enough time to charge up a cantilever and ground 
plane system and for the system to discharge when the cantilever snaps several times as 
shown in Fig. 4.6. But for structures with larger spring constants, charge-discharge 
phenomena may not happen because they need a lot more charge to generate a large enough 
electrostatic force to bend the structure. 
Fig. 4.1. SEM pictures of different tapered-width cantilevers: (a) straight, (b) linear, (c) parabolic, and 
(d) exponential. 
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Fig. 4.2. SEM picture of a set of parabolic-tapered width bridges. 
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Fig. 4.3. The side view of a straight-beam cantilever with 10 fim in width and 124 fim in length. 
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Fig. 4.4. Side views of parabolic-tapered cantilevers. Air gaps are hard to see because of the 
increasing widths along the lengths of cantilevers. 
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Fig. 4.5. A closer look at the tip of a cantilever in Fig. 4.4 shows a gap between the cantilever and the 
ground plane. 
Fig. 4.6. Two charge-discharge cycles while taking a picture by SEM for a parabolic-tapered 
cantilever. 
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4.2 The pull-in voltage measurement 
The pull-in voltage is an important parameter for a microstructure. It sets an upper limit 
for the applied voltage combining both DC and AC peak values. It is essential to know this 
limit before other measurements are done. Besides, the pull-in voltage is closely related to 
the Young's modulus as discussed in Chapter 2. The extraction of this modulus is possible 
from the pull-in voltage measurement. In this section, we are going to measure the pull-in 
voltage for each structure and extract the Young's modulus from the measured pull-in 
voltages. 
DC measurement for pull-in voltage of each uniform-width cantilever was first 
performed to extract the Young's modulus of polysilicon on Poly I layer. Since there is no 
insulating layer such as silicon dioxide between cantilever and ground plane, these two 
electrodes make electric contact at pull-in and a DC current occurs. By measuring this DC 
current, we are able to observe at what voltage a structure snaps on its ground plane. An 
experimental setup is shown in Fig. 4.7 [4], 
HP4155A 
voltage drive M 
HP 4155A 
current sense 
Pull-in structure under test 
on Cascade Alessi probe station 
Fig. 4.7 Experimental setup for pull-in voltage measurement. 
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The pull-in voltage is measured on a Cascade Alessi probe station with a Hewlett-
Packard HP4155A Semiconductor Parameter Analyzer configured in a "voltage/current" 
mode. The voltage was programmed to ramp up slowly to avoid any dynamic effects during 
the bending of the structures. Usually a slow ramp of voltage can be achieved by setting the 
integration time to "medium" or "long" mode on current sensing and a small voltage step 
size. When a structure snaps onto the ground plane, the two electrodes (cantilever and 
ground plane) are short-circuited and a large current may occur. It is necessary to set the 
current compliance to a low level to protect the structures from burning out. A 10 nA 
compliance on current is set for the pull-in measurement for each structure. A typical 
voltage-current measurement result is shown in Fig. 4.8, which shows a sharp transition at 
pull-in voltage. But for structures with stiction problems or with residue or contamination in 
the gap from processes or from the air. the transition won't be as sharp as that in Fig. 4.8 but 
rather a gradual change with bias voltage as shown in Fig. 4.9. 
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Fig. 4.8 The voltage-current measurement result of a cantilever beam SB47 with dimensions 
L = 427jum,w = 12/im, and / = 2am. 
 
54 
SB4213 
12 T 
10 ?&4 current compliance 
10 / 8 
2 
0 
-2 0 2 4 S 6 10 12 14 16 18 20 
Bias Voltage (V) 
Fig. 4.9 The voltage-current measurement result of a straight-beam cantilever CB4213, which shows a 
gradual increase in current as voltage increases. 
With a CCD camera, we were able to observe the bending of the structures qualitatively 
by interference patterns along the lengths as shown in Fig. 4.10. However, a quantitative 
measurement is not possible without a coherent monochromatic light source. From the 
interference patterns induced by the bending of structures under study, we found that if an 
applied dc voltage exceeding the pull-in voltage is reset to zero after each sweep, a structure 
may or may not restore its equivalent position before any voltage is applied. This makes the 
pull-in measurement a somewhat destructive process. Care must be taken when applying any 
voltage on the structures. A large voltage step or a voltage greater than the pull-in voltage 
can result in an in-operation stiction problem, which makes the structure unusable. 
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(C) 
Fig. 4.10. Interference patterns of a linear tapered cantilever beam L217: (a) V<Vpi, no interference 
pattern along the top surface, (b) V>Vpi, cantilever snaps upon the ground plane. Interference pattern 
appears around left section of the cantilever, (c) After voltage sweep, the cantilever beam remains 
deflected when voltage is reset to zero. Interference pattern is spreading over all structure. 
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The pull-in voltages of various kinds of structures on four different chips were obtained 
from the measurements. The measured pull-in voltages of straight-beam cantilevers of group 
CB23 are shown in Table 4-1, and other results are in Appendix B. From these pull-in 
voltages, we are able to extract the Young's modulus f of polysilicon by a fitting process 
using a closed-form F# expression for simple cantilever beam [4] 
silicon. By adjusting parameter B to minimize the root-mean-squared error between 
measured F# and closed-form P#, the Young's modulus E for each set of structures can be 
extracted. An example of this process is shown in Fig. 4.11 and the derived Young's 
modulus is 202 GAz. 
Because of the process variation on a die and from a die to another, the Young's modulus 
of the polysilicon is rather a statistical value than a definite number such that the pull-in 
voltage of hundreds of the structures were measured in order to obtain the statistical average 
of Young's modulus. The histogram of the extracted Young's modulus from the measured 
pull-in voltages of all types of cantilevers is shown in Fig. 4.12. The mean value of the 
Young's modulus is 175 GPa, which is closed to the reported value 170 GAz [12], and the 
standard deviation is 40 GRz. This large deviation might be due to the process variation and 
contamination during measurement of the pull-in voltages. Since it's difficult to measure the 
real dimensions of each and every microstmcture, the calculation of the Young's modulus is 
4/1# (4.1) \ ' 
where yj = 0.07. y2 = 1.00, y3 = 0.42, B = Erd,Q /(I -v 2), and v is the Poisson ratio of 
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based on the drawn dimensions not the real dimensions of each microstmcture. All the 
measured data and extracted Young's modulus E and the statistics of them are also given in 
Appendix B. 
Table 4-1 
The pull-in voltages in Volts of cantilever beams in group CB23. The pull-in voltage of 
Cantilever CB2344 can't be obtained because of the situation shown in Fig. 4.9 
Group: SB23 
Xrol. 
Row\ 1 2 3 
1 14.96 8.01 4.72 
2 14.84 7.18 3.62 
3 14.98 7.13 3.51 
4 15.06 7.05 
5 15.02 7.05 3.32 
0.5, 
0.451-
0.4 
-0.351-
I G 0.3 
0.25 
0.2 H 
0.15 
5B23 
/ / 
/ 
/ 
/ 
10 11 12 13 14 15 
parameter B (10e-24 
16 17 18 
Fig. 4.11. For the set of CB23 cantilever beams, parameter B can be adjusted to fit the measured pull-
i n  v o l t a g e s .  T h e  Y o u n g ' s  m o d u l u s  2 0 2  G P a  i s  c a l c u l a t e d  f r o m  t h e  p a r a m e t e r  B  1 3 . 6  x  1 0  2 4 P a  -  m 6 ,  
which makes the root-mean-squared deviation of the pull-in voltages to the fitted values minimum. 
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Fig. 4.12 The histogram of the extracted Young's modulus for all cantilevers. 
4.3 The empirical formulae of the pull-in voltage for tapered-width 
cantilevers 
Since the closed form of the pull-in voltage in equation (4.1) does not apply to the 
tapered-width cantilevers, empirical formula to describe the relationship between the pull-in 
voltages and the dimensions of tapered structures are necessary. With the program 
developed to solve the pull-in voltage for tapered structures, we are able to build a virtual 
database of the pull-in voltages of structures with various tapered widths. In this section, we 
will use linear-tapered cantilevers as examples to extract the empirical formula of the pull-in 
voltage of such kind of taper function. The virtual databases and empirical formulae of the 
other two functions, parabolic and exponential, are given in Appendix C. 
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voltage of such kind of taper function. The virtual databases and empirical formulae of the 
other two functions, parabolic and exponential, are given in Appendix C. 
Assuming the Young's modulus and Poisson ratio of polysilicon are 170 GPa and 0.22, 
respectively, a series of calculations to obtain the pull-in voltages of various slopes a of the 
linear taper width function w(x) = Wg +<zx was carried out to build the virtual database as 
shown in Table 4-2. In order to extract the empirical formula, the form of the pull-in voltage 
in terms of the slope a and length L is assumed as follows 
(4.2) 
It can be expressed in another form 
log(F# ) = log & + m log (a) + » log( Z) (4.3) 
From the virtual database all the coefficients in equation (4.2) are extracted as 
= (4.4) 
Table 4-2 
The virtual database of the linear-tapered cantilever 
.Le-) a=0.2 a=0.4 a=0.6 
00 t #=1.0 
100 41.28 36.09 33.15 31.18 29.74 
150 17.01 14.74 13.53 12.74 12.17 
200 9.03 7.81 7.17 6.76 6.47 
250 5.52 4.77 4.39 4.14 3.97 
300 3.69 3.19 2.94 2.78 2.67 
350 2.63 2.27 2.10 1.99 1.91 
400 1.96 1.70 1.57 1.48 1.43 
450 1.51 131 1.21 1.15 1.11 
500 1.20 1.04 0.96 0.92 0.88 
To include the dependence of the Young's modulus, we can rewrite the empirical formula 
as 
F# = (1.249x10^) g-0-2009 ^-2.18*(4.5) 
60 
This formula was checked for several cases as shown in Table 4-3, in which it shows a good 
agreement between the calculated (by finite-difference method) and empirical pull-in 
voltages. It is apparent that the pull-in voltage is also dependent on the starting value of the 
width wy. By keeping the parameters of a linear-tapered cantilever constant except Wq, the 
relationship between and Wgcan be identified. The final form of the empirical formula 
for linear-tapered width cantilever is given as 
PfWmar =15x 10^ 4^*% ^9 ^0.2166 (4.6) 
Also the final forms of the empirical formula for parabolic-tapered and exponential-tapered 
cantilevers can be derived by the same processes and are given as following 
PfZ-farcWic = 3.2626x10^ a (-03385+76.46671)^-2.8044 ^0.3219^ (4.7) 
= 10021x10-^^gr' ^ exp[a(1.01469xl0-' -0.42212)] (4.8) 
Note that the dependence of the pull-in voltages of exponential-taper cantilevers on the 
starting values of the width is negligible and is ignored. The derivations of equations (4.5)-
(4.8) are in Appendix C. 
Table 4-3 
The calculated and the empirical pull-in voltages in three cases 
(2=0.3 
130 150 170 190 210 
^P/-cal 33 45 35.93 38.25 40.43 42.51 
^PJ-e mp 32.97 35.42 37.71 39.86 41.91 
x!00% V?I_sal 1.44 1.42 1.41 1.41 1.41 
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Table 4-3 (continued) 
a=0.5 
130 150 170 190 210 
^P/-cal 2.66 2.86 3.04 3.22 3.38 
Ppj-e mp 2.68 2.88 3.06 3.24 3.41 
v100% 075 0.70 0.66 0.62 0.89 Vpi_«£ 
a=0.9 Z=3(X) 
130 150 170 190 210 
Vpi-cal 0.781 0.838 0.893 0.943 0.992 
^PJ-emp 0.779 0.837 0.891 0.942 0.990 
v 100% 0.256 0.119 0.224 0.106 0.202 
4.4 Summary and discussion 
In this Chapter, we have shown some pictures of microstructures taken by scanning 
electron microscope (SEM). An interesting charging-discharging phenomenon was observed 
under SEM in which the mechanical motion of a microstructure was actuated by this 
phenomenon. Most of the structures show a clear gap between themselves and the ground 
plane except some long structures. For a structure with large area, it is sometime hard to tell 
if there is a clear gap or not under SEM. For the bridge structures, the residual stress in the 
structure tends to bend the structure in such a way that most of them have contact with the 
ground plane. This can be seen in the pull-in measurement: a sharp event of pull-in usually 
doesn't happen. Instead, an A F curve as shown in Fig 4.9 happen frequently for bridge 
structures. Since most of our tapered bridge structures have large areas, a 2-dimensional 
stress distribution might exist in the center area and cause the warping of the structures. 
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DC measurements for pull-in voltages are then performed to extract the Young's 
modulus of polysilicon on Poly I layer. The DC measurement method is very 
straightforward. A slow sweeping DC voltage is applied on the center pad of a cantilever 
and the DC current is measured from the pad connected to the ground plane. For a voltage 
smaller than the pull-in voltage, though the electrostatic force causes the cantilever bend 
toward the ground plane, a closed loop is not established because of the balance between the 
electrostatic force and the restoring force in the cantilever. For a voltage larger than the pull-
in voltage, since the restoring force is no longer able to hold the cantilever, it simply snaps 
onto the ground plane and results in a closed loop to conduct a DC current. By measuring 
this DC current, we are able to observe at what voltage a structure snaps on its ground plane, 
which is essential in an application of a microstmcture because an excessive bias would 
cause stiction to happen and might bum out the structure. Because of the process variation in 
a die and from die to die, the pull-in voltages of various cantilevers were obtained and also 
the corresponding Young's modulus. The mean value of the Young's modulus is 175 GPa , 
and the standard deviation is 40 GAz from the average of all measured data. This large 
deviation is due to the process variations, which includes the control of the material 
properties and the difference between drawn dimensions and the real dimensions of 
structures. 
Since the closed form of the pull-in voltage for a straight-beam cantilever depends only 
on the length of the cantilever geometrically, the only option to design a cantilever with a 
desired pull-in voltage is to modify the length. For a smaller pull-in voltage, which is usually 
available from on-chip circuitry but not high voltage, the longer length is needed, though the 
fabrication technology poses a limitation on the maximum length a cantilever can have. A 
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taper-width cantilever has more design parameters such as the starting value of the width and 
the taper function of width besides length. A desired pull-in voltage can be achieved by 
adjusting these parameters without a longer length of a cantilever, which gives the designer 
more flexibility on designing such devices. 
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Chapter 5. RF Measurement Techniques 
We've discussed the electromechanical transfer characteristics of a cantilever in Chapter 
2. From the typical dimensions of a cantilever such as those in Fig. 2.9, the fundamental 
resonant frequency of vertical vibration is on the order of hundreds of &zZo . It could 
be higher at tens of MHz range if the length is further reduced [23-24]. Although the 
resonant frequencies of a cantilever are infinite in number, the only one of significance is the 
fundamental frequency mainly due to its mass inertia. As the higher modes have smaller 
amplitudes and higher damping effects [18], and mostly the way we use to excite the 
cantilever is primarily in the fundamental mode, higher harmonics are negligible. If a typical 
micro cantilever won't follow an excitation at high frequency range, then to that high 
frequency signal the micro cantilever is essential static and makes no contribution to the 
vibration. If the cantilever moves due to any other excitation, its deflection will affect 
(modulate) its electric properties seen by this RF signal (carrier). The electric properties of 
interest here are the input impedance or the input admittance of the device under test. The 
disadvantage of surface micromachining is that the micromechanical structures are smaller, 
and have lower mass such that deflections of the structures are minute, generating capacitive 
changes usually at the femto-Farad (ICT^ F) level. The ability of the electronics to sense 
these small changes sets the resolution limit of the device. For a surface micromachined 
cantilever by the MUMPs process, the vertical displacement is usually limited (1/3 of a 2 
gap at the tip of a cantilever, which is around 0.67 |im) and so is the induced 
capacitance change. Even at resonance the displacement is still limited and is even worse in 
the atmospheric environment, in which the viscous nature of air and contamination greatly 
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reduce the quality factor of a micro-resonator. The detection of this small capacitance 
change is rather difficult and the relative large shunt parasitic capacitance of contact pads 
makes it even more challenging. 
It surely is preferable to have an on-chip detection circuitry, which eliminates the need of 
contact pads and raises the signal to a detectable level. Without on-chip detection circuitry it 
is difficult to detect the deflection or the vibration of a cantilever electronically. In most of 
cases, optical methods such as a laser Doppler vibrometer are preferred to carry out the 
characterization of a microstructure because of the shorter wavelength of the laser and its 
coherent nature, which makes the interference significant and sensitive to the motion of 
microstructures. However, since it is rather difficult to integrate optical components with 
either electronic or mechanical parts, it is important to use an electronic method to detect the 
motion-induced signal from a micro sensor. In this chapter, RF measurement techniques are 
used to characterize the microstructures under study. We will discuss the equivalent circuit, 
derive the input impedance of a micro cantilever, and investigate how the input impedance 
change affects the reflection coefficient as a cantilever is deflected by either an external force 
or an electrostatic force. After these DC behavior characterizations, we will discuss how to 
measure the frequency response of a microstructure in next chapter. 
5.1 The equivalent circuit of a micro cantilever 
The structure of a cantilever above a ground plane is very similar to an open-ended 
micro-strip transmission line in Fig. 5.1. The dielectric material is now air or vacuum in a 
vacuum chamber. The equivalent circuit of a cantilever can be modeled as an open-ended 
micro-strip transmission line as shown in Fig. 5.2. Each differential section contains a pair of 
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shunt conductance G and capacitance C and a pair of series resistance and inductance 1. 
The distributed series resistance 7* per meter is /)A4, where /) is the resistivity of the conductor 
and ^4 is the cross section area. The distributed capacitance C per meter is cow# plus a small 
capacitance due to Singing field if w » d, where e# is the permittivity of air, w the width of 
the differential section, and the gap between conductor and ground plane. The inductance 
1 per meter is l/(c^ Q, where c is the speed of light in air, and conductance G of air is zero. 
According to MUMPs no. 41 Run Data, the resistivity of the Polyl structure layer is 
2.1 x 10~3 Ohm - cm , which makes the series resistance R much larger than the inductance L. 
The transmission line model therefore degenerates to an RC circuit. As a cantilever deflects, 
the gap is a function of position along the length and so is the capacitance Q of each 
differential section in Fig. 5.2. The series resistance Rt of each differential section is 
primarily the same as the cantilever deflects. Since a set of contact pads is necessary for on 
wafer measurements, the total input impedance is that looking into the input port in the 
equivalent circuit in Fig, 5.2 in shunt with an equivalent circuit of the contact pads which is 
usually approximated by a large capacitor. 
a z 
o VVilr 
Fig. 5.1 An open-ended microstrip transmission line and the equivalent circuit of a differential section. 
67 
Ri Lt 
O w*-
Rn L„ 
W* 
Cn =r G„> 
Fig. 5.2 The transmission line model of a micro cantilever, neglecting the end stray capacitance. 
5.2 Sensitivity of reflection coefficient to the input impedance of a micro 
cantilever 
In this section we will study how to detect the reflection coefficient change due to the 
static deflection of a micro cantilever under electrostatic force induced by a dc bias voltage. 
Consider a cantilever with dimensions 300 x 4 x 2 p/M as a voltage-controlled 
capacitor in parallel with contact pads (modeled as a capacitor). When there is no dc voltage, 
assume that the series capacitance Q is about 5.31 assuming parallel plate capacitance and 
neglecting the fringing field, and the series resistance ^ is 0.56 O. Assumed a certain bias 
voltage deflects the cantilever such that the corresponding capacitance change is 10% of that 
at zero bias. The capacitance of contact pads of size 75 /a» x 75 is assumed to be 1 
as shown in the schematic in Fig. 5.3 and the equivalent circuit in Fig. 5.4. From the 
resistivity of Poly 1 layer, the calculated skin depth is greater than the thickness of the layer, 
which allows us to further assume that the equivalent series resistance is frequency 
independent. From [25], series capacitance of the micro cantilever and the parasitic 
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capacitance are also assumed frequency independent. We can derive the equivalent input 
admittance (1/Z,„ ) and calculate the reflection coefficients from 100 to 100 GHz 
with characterization impedance Zo (50 Q) as follows 
Input admittance ^ = y# +(.#,+1 / yo (5.1) 
Reflection coefficient F = , (5.2) 
where )/Q = l/Zg. 
The maximum magnitude change and phase change of the reflection coefficient are 
5.85 xlO-6and 0.0303°, respectively. The normalized absolute changes in magnitude and 
phase of reflection coefficient are shown in Fig. 5.5. It is clear that both the absolute changes 
of the magnitude and the phase of the reflection coefficient have their maxima around 
3 GHz. This is because the input impedance at this frequency is closest to the characteristic 
impedance, that is 50 O, which makes the reflection coefficient a minimum and most 
sensitive to the change of the input impedance of the device under test. This example shows 
that if the input impedance can be matched to 50 O at a selected frequency, the reflection 
coefficient will be most sensitive to the change of the input impedance at that selected 
frequency. 
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Zo 
Generator 
Z= 
cantilever 
z 
Contact pad Ground plane 
Fig. 5.3 The setup for the measurement of reflection coefficient. 
DUT 
Cs(Fbias) 
Fig. 5.4 The equivalent circuit of the setup in Fig. 5.3. 
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Fig. 5.5 The normalized absolute changes in magnitude and phase of reflection coefficient. 
The sensitivity of the reflection coefficient to the input admittance is defined as 
r/%. (5.3) 
If we assume m «1, which is usually the case, the input admittance can be 
approximated as 
K = ym C + G, (5.4) 
where C = + C, and G = (coC,)^.#,. Since is a function of m , the sensitivity can be 
rewritten as 
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.SX#) = (9F / / 9X _ ) 
r/%. (5.5) 
Note that <fG/= 2(6/) /(#.#,)—>0, which means that G is a slow-varying 
function of w , and we can just assume that G is a constant. Plugging equations (5.2) and 
(5.4) into equation (5.5), we have 
,$(#) = VqG(1 + jû) C/G) 
(G"-^)[i—^-+y. 
6)c 
a; 
(5.6) 
where = -^G^ / C and <2^ = -^G^ - / 2G. It is similar to the frequency 
response of a second order system with an additional zero in the numerator. As a) 
approaches u)s, \s\ approaches its maximum ^j[(l + (cosC/G)2]/(G2 - y02) , and the value 
of G is closest to yo- For the example above, the sensitivity as a function of frequency is 
shown in Fig. 5.6, and again the maximum of sensitivity happens around 3 G#z. 
To summarize from the above examples and discussions, the RF measurement should be 
able to provide alternative ways to detect the deflection induced input admittance change 
without on-chip circuitry by: 
l" method: select an operating frequency at which the sensitivity is the maximum at 
3 G#z for the above example. 
2*^ method: match the input impedance of device under test to the characteristic 
impedance Zo as closely as possible at any desired operating frequency. 
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Sensitivity as a function of frequency 
frequency (Hz) 
Fig. 5.6 The magnitude of sensitivity as a function of frequency. 
5.3 DC measurement of a micro cantilever by the 1* method 
In this section, we will use the first method to measure the DC transfer function of 
reflection coefficients to bias voltage applied on micro cantilevers. The measurement setup 
is shown in Fig. 5.7. A HP 8753C Network analyzer with ^-parameters test set HP 85047A 
is capable of generating signal from 300 to 6 GHz and calculating the reflection 
coefficient in this frequency range. A microwave coplanar probe APC-7 mounted on a three-
axis stage was used to apply RF signals to contact pads of microstructures. Before 
measurement, a standard 1-port calibration procedure (Short-Open-Load) is necessary to 
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move the reference plane to the tips of the probe. The frequency range was selected from 
300 to 3 G#z, and the dc bias voltage was applied from a dc power supply to the bias 
input port on the rear panel of the network analyzer. The measurement procedures are as 
follows: 
1. Apply a dc bias voltage. Usually this dc voltage is ramped from 0 to the threshold 
voltage of a particular cantilever. Since the instantaneous voltage change is quite 
large and so is the induced electrostatic force, a small step of 0.1 volt is adequate to 
reduce the dynamic effect and avoid a premature snap of a cantilever on the ground 
plane. 
2. Read out the data, which include the magnitude and phase of reflection coefficients at 
corresponding frequencies. Note that the reflection coefficient of a one-port device is 
iden t i ca l  t o  Su .  
3. Repeat step 1 and step 2 till the threshold voltage is reached. The reflection 
coefficients vs. frequency curve are quite different before and after a micro cantilever 
snaps on the ground plane, which is an indication whether the pull-in voltage has 
reached or not. 
The measurement results of reflection coefficient of a linear-tapered cantilever L527 are 
shown in Fig. 5.8 and Fig. 5.9. Both the magnitude and phase exhibit a decreasing trend as 
bias voltage increases. The changes of the reflection coefficient are due solely to the 
deflection of the cantilever, which primarily changes the capacitance between itself and the 
ground plane. The corresponding capacitance changes of a hnear-tapered cantilever group at 
various bias voltages are shown in Fig. 5.11. Generally, a cantilever with larger taper slope 
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and longer length has more incremental capacitance change with bias voltage but lower pull-
in voltage. Though the sensitivity of the reflection as a function of frequency is the 
maximum at 2.34 GHz as shown in Fig. 5.10, the change of the reflection coefficient with 
frequency is not particular significantly larger at 2.34 GHz than those in a 1 GHz bandwidth 
centered at this frequency. From measurements, the transition of reflection coefficients from 
a higher limit close to one to a lower limit always occurs in the range from around 100 MHz 
to 4 GHz. A suitable choice for the measurement is the midpoint in this range, which is 
chosen to be 1.7 GHz. The measurement ability of the Network analyzer gives the 
equivalent circuit of the input admittance of a cantilever. In order to have a better 
measurement, a smaller bandwidth for integration and a higher number of averaging for the 
reading should always be used. The capacitance changes at different bias voltages with 
respect to zero bias for various cantilevers can be found in Appendix D. A comparison of the 
capacitance change as a function of bias voltage between different taper-width cantilevers 
with 224//m in length and a group of straight-beam cantilevers with 206///% in length is 
shown in Fig. 5.12. Generally speaking, cantilevers with large taper and longer length have 
better defined capacitance change with bias voltage such as those of P623 and E623 shown in 
Fig. 5.12. 
75 
Network Analyzer 
DC power 
Supply 
• n o  
cm ••• 
Micro 
cantilever APC-7 
probe 
Fig. 5.7 The measurement setup for the reflection coefficient at different DC voltages. 
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5.8 The magnitude of measured 5U of a linear-tapered cantilever (L527) at various bias voltages. 
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frequency (Hz) x1Cf 
Fig. 5.9 The phase of measured Su of a linear-tapered cantilever (L527) at various bias voltages. 
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Fig. 5.10 The magnitude of measured and fitted reflection coefficients and sensitivity of a linear-
tapered cantilever (L527) at 0 volt. The maximum sensitivity is 0.922 at 2.34 GHz. 
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Fig. 5.11 The measured capacitance changes of the L617, L627 and L637 at various bias voltages with 
respect to that at zero bias. L637 has a slope of 0.4 in width and hence a larger area, the incremental 
capacitance change is larger than those with smaller slopes. 
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Fig. D.ll The comparison of the capacitance changes for cantilevers with same length (224/im) 
except straight-beam cantilevers (206 jUm ). 
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5.4 DC measurement of a micro cantilever by the 2*^ method 
The concept of the 2"^ method is to match the input impedance (admittance) to the 
characteristic impedance (admittance) such that the reflection coefficient is most sensitive to 
the change of the input impedance (admittance) due to an external force. For a micro 
cantilever under external force, the gap between ground plane and itself will change along 
the length and hence the equivalent capacitance looking to the input port is changed. The 
measurement setup is the same as that in the 1st method with an additional tuner as a 
matching network (Fig. 5.12) to match the input impedance of the DUT to 50 O. A standard 
procedure for 1 -port calibration was followed to move the reference plane to the probe tip. 
In this process, the capacitors in the tuner were moved far away from the wave-guide so that 
the tuner is a 50 Q line. The measurement procedures are as follows: 
1. Set the capacitors in the tuner to appropriate positions to load the wave-guide to 
match the input impedance of DUT to 50 Q at a desired frequency. 
2. Apply a dc bias voltage. 
3. Readout the reflection coefficient at the desired frequency. 
4. Repeat step 2 and step 3 till the threshold voltage. 
In Fig. 5.13, a linear-tapered micro cantilever is matched at 1.5 GHz, at which the magnitude 
of the reflection coefficient is around -50 dB. A more careful adjustment of the tuner can 
make the matching network work better. However, the reflection coefficient will be smaller 
and comparable to the noise floor, which is around 55 d# as shown in Fig. 5.14. A lower 
noise floor can be obtained if averaging is applied and a narrow bandwidth is selected to do 
the integration at the selected operating frequency. The magnitude of the reflection 
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coefficient is a function of the DC bias voltage on the micro cantilever. As voltage increases, 
the deflection of the cantilever increases and so does the deviation from the matched 
condition. Hence the reflection increases as shown in Fig. 5.14. 
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DC power 
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O  II 4 1 
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Fig. 5.12 The measurement setup of the 2nd method. A tuner is used as matching network to match the 
input impedance of DUT to 50 CI 
L534 
frequency (GHz) 
Fig. 5.13 A linear-tapered micro cantilever L534 is matched to the characteristic impedance at 1.5 
GHz. The smooth line is the magnitude of the reflection coefficient before matching, which does not 
change very much in the frequency range. 
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Fig. 5.14 The magnitude of the reflection coefficient of a linear-tapered micro cantilever L534 as a 
function of the DC bias voltage. As voltage increases the deflection of the cantilever increases the 
deviation from the matched condition. Hence the reflection increases. 
5.5 Summary and discussion 
From the derivations of the measurement methods and the measurement results, it is clear 
that the reflection coefficient is close to 1 for the first method. The input impedance of DUT 
(associated with parasitics) is large. However, the reflection coefficient change due to the 
deflection of the micro-cantilever is small relative to that at zero-bias. Though there exists 
the most sensitive operating frequency from the sensitivity analysis of the reflection 
coefficient, it does not give a significantly large signal. This may be because of a wide 
bandwidth of the sensitivity curve (- 2 GHz in Fig. 3.10) which makes the sensitivity not 
significantly larger than those in the bandwidth. A root-mean-squared capacitance change 
can be extracted, rather than a single value, at the most sensitive operating frequency, though 
in a practical application a single carrier frequency is usually used. To simplify our 
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measurement, the capacitance change was measured at 1.7 GHz, which is roughly at the 
center of the transition region of reflection coefficients. 
For the measurement of the absolute value of the capacitance, we've tried to de-embed 
the parasitic capacitance of the contact pads. In principle, two transmission lines with the 
same width but different lengths can be used to find the characteristic impedance of the 
transmission line as well as the equivalent circuit of the contact pads. However, the ground 
pads for probing do not have a direct connection to the backside of the substrate, causing a 
floating ground and therefore a ringing phenomenon (parasitic resonance) (Fig. 5.15) due to 
multi-path problem. This makes the de-embedding impossible. 
+ 1.0 
-1.0 
Fig. 5.15 The S-parameters of a transmission line with two sets of contact pads. Note the parasitic 
resonance for S12 and S21. 
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As to the second method, the reflection coefficient can be very small if the DUT is well 
matched. However, the reflection coefficient change due to the deflection of the micro 
cantilever is large, though the signal level is very low in a matched condition. This method is 
best to use on a conjugate-matched 2-port device where the transmitted signal (S21) is a 
maximum. However, the measurable quantity is the reflection coefficient for a 1-port device. 
A weak signal buried in the noise floor is not of interest for a practical application. 
Fortunately, a DC bias voltage can slightly modify the matched condition and move the 
signal out of the noise floor as in Fig. 5.14. Besides, a DC bias voltage also moves a micro 
cantilever to a more sensitive equilibrium position to the external force. As a force sensor, a 
feedback control circuit is required to keep the micro cantilever at the equilibrium position. 
The feedback voltage is then proportional to the external force. A careful calibration is 
required to identify the relationship between and the external force. A proposed circuit 
is shown in Fig. 5.16. It might be possible to replace the bulky circulator with a directional 
coupler or an active circulator to reduce the volume and to enable the integration on a PC 
board. 
DUT 
Network 
Power-splitter 
RF choke 
Matched 
load 
Matching 
3= 
Fig. 5.16 A proposed circuit for the force sensor application. 
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Chapter 6. The Frequency Responses of Micromechanical 
Structures 
On-chip circuitry is usually desired for a microelectromechanical capacitive sensor to 
achieve better performance and better economic value. However, for some certain 
micromachining processes (e.g. LIGA), the integration of electronic circuit and mechanical 
parts on a single chip is difficult or sometimes impossible. Also, for some special 
applications, it is sometimes necessary to optimize both the mechanical properties of a sensor 
and the electronic circuitry. Without on-chip circuitry, micromechanical sensors under 
development are mostly characterized by optical methods such as laser vibrometer, 
interferometer, stroboscope, etc. But for practical use, the electronic readout is a more 
favored method. Then an off-chip circuit is a valid solution to all the above cases. However, 
one of the disadvantages of an off-chip circuit is the relatively large parasitics associated with 
the system. The desired output signal from a mechanical sensor is usually severely distorted 
and hard to be discriminate. To overcome this difficulty, an electromechanical amplitude 
modulation (EAM) technique has been reported [12] [26]. Almost all the applications of this 
technique measure the current through the capacitive sensor and then convert it into voltage 
by a transimpedance amplifier as shown in Fig. 6.1. In this chapter a different amplitude 
modulation/demodulation scheme that measures a sum harmonic component generated by a 
time-varying capacitor is proposed and tested for two types of micromechanical comb 
resonators. The extension of this particular method to the measurement of the frequency 
response of cantilevers will be discussed. 
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We will investigate two common electronic methods to measure the frequency responses 
of micromechanical comb resonators. The first method is the direct measurement of the 
through current and the applied voltage on a microstructure. As discussed in the previous 
chapters, the large parasitic shunt capacitance will pass most the driving signal and leave the 
motional-induced signal almost invisible. Though difficult, we will first look at this method 
because of its simple setup. The electromechanical amplitude modulation method will be 
next used to measure the frequency responses of the same micro comb resonators for their 
large displacement under large electrostatic excitation. For the cantilever, the displacement 
is vertical and is limited to only around 1/3 of the gap ( 2/3 fxm). Moreover, the large 
squeeze film air damping [27] between a cantilever and the substrate results in a smaller 
quality factor 0. And since the electrostatic force is proportional to the product of the DC-
bias voltage and the AC drive voltage, the pull-in voltage of a cantilever imposes a very-
severe restriction on the applied voltages and hence the magnitude of the electrostatic force. 
All these factors make either the direct measurement method or the EAM method almost 
incapable of obtaining the frequency response of a cantilever because of its limited 
displacement under a limited electrostatic excitation. A more sophisticated modification of 
the readout circuit is necessary to obtain the frequency response of a cantilever. 
Vp "=r=" Trans-impedance 
1 amplifier 
Fig. 6.1. The schematic of a conventional electromechanical amplitude modulation and demodulation 
circuit. 
Sense current 
To spectrum analyzer 
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6.1 The direct measurement method 
The direct measurement method is the most straightforward method yet a very difficult 
way to do the measurement because of large shunt capacitance of the contact pads. The one-
port equivalent circuit of the device under test (a folded-beam comb resonator, Fig. 6.2) and 
the schematic of the measurement setup are shown in Fig. 6.3. The input admittance is the 
ratio of the through current to the applied voltage. A typical measurement result is shown in 
Fig. 6.4. The indication of the resonant point is a 0.1° dip in phase. Based on the fact that at 
resonance the input admittance of the resonator has only a real part, we are able to remove 
the shunt capacitance O and extract the equivalent circuit of the resonator numerically by 
HP EESOF software. The input admittance after removal of the shunt parasitic elements is 
shown in Fig. 6.5 and the extracted results are shown in Fig. 6.6. 
Fig. 6.2. A SEM picture of a folded-beam comb resonator. 
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comb resonator 
Cs 
in 
Fig. 6.3. The one port equivalent circuit of the comb resonator and the schematic of the measurement 
setup for direct measurement method. 
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Fig. 6.4. A direct measurement result of the input admittance of a folded-beam comb resonator. It 
shows that at the resonance point the only observable change is a small (-0.1°) dip in phase. Vbias was 
40 Volt and Vac was 3 Volt in this measurement. 
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Fig. 6.5. The input admittance around the resonance point of the folded-beam comb resonator. This is 
the result after removing a 0.7668 pF shunt capacitor and 3.9e9 Ohm shunt resistance from the direct 
measurement of the input admittance shown in Fig. 6.2. 
0.7668 pF 3.9e9 Ohm 
3.87e-5 pF 
5.0e5 H 
2.78e9 Ohm 
Fig. 6.6. The equivalent circuit of the folded-beam comb resonator extracted form the input 
admittance shown in Fig. 6.4 by HP EESOF software. The shunt resistance accounts for the loss of the 
substrate. 
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6.2 The electromechanical amplitude modulation/demodulation method 
In the previous section, the comb resonator was treated as a one-port device in the direct 
measurement method. However, in the EAM method, it is a two-port device with one port as 
drive port and the other as sense port as shown in the equivalent circuit of a comb resonator 
in Fig. 6.7. The two-port resonator can be viewed as two coupled one-port resonators. In our 
measurement scheme, a DC bias and an AC drive signal are applied on the drive port of a 
comb resonator, an RF carrier is applied on the sense port, and the ground plane is the 
common ground for both the RF carrier and the drive signal as shown in Fig. 6.8. A large 
parasitic capacitor Cp is associated with each port, which is usually many orders of 
magnitude larger than the motion-induced capacitance change such that direct measurement 
of the frequency response of a microresonator to the external force is hardly observable as in 
Fig. 6.4. Though high DC bias and AC drive voltage help to amplify the amplitude of 
vibration of the comb resonator and hence the motional-induced capacitance change, the 
desired signal is still much smaller than that through the shunt parasitic capacitor, and, often, 
the high voltage is not available in many applications. We will use a novel reflection-type 
demodulation circuit to measure the frequency response of a comb resonator, which is 
capable of measuring that at lower bias and drive voltages. 
Drive Port Comb microrcsonator Sense Port 
Ls 
Rs 
Fig. 6.7 The equivalent circuit of the comb resonator. 
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Fig. 6.8 The electrical connection of a comb resonator in our measurement scheme. 
6.2.1 Principle of the measurement 
The idea of the reflection-type circuit is to measure the amplitude modulation of the 
reflected power at a sum harmonic of an RF carrier and a drive signal applied to a pair of 
comb fingers of a comb resonator in order to remove the effect of constant parasitic 
capacitances. Consider the equivalent circuit of a comb resonator looking into the sense port 
in Fig. 6.7. The voltage across the time-varying capacitor c(f) = q sin(w ^f) is 
F(f) = Fg sin(a)gf), the through current is 7 = F(/)] / , then 
7  =  — +  ) f ] + — ,  ( 6 . 1 )  
This simple analysis shows that the application of an RF carrier and a drive signal to a 
time-varying capacitor causes frequency mixing to occur and powers at sum or difference 
frequencies are generated. Further consider a circuit similar to that in Fig. 6.9 with a drive 
signal generator at frequency and an RF generator at frequency , and assume that the 
90 
+#c sum harmonic is generated only. According to the Manley-Rowe relations [28-29], 
the relations of powers at (fj, co^ (f^), and ^ +0^ (^ ), are 
p p 
— + — = 0, (6.2) 
4-CO^ 
P P 
— + = 0, (6.3) 
From (6.2), it shows that the power at the sum frequency is approximately the same as 
that of the carrier if co^«o)g. This suggests that the higher the power of the carrier, the 
higher the power at the sum frequency. From (6.3), it is clear that the maximum drive signal 
gain is 
= = l + (6.4) 
Equation (6.4) shows that the higher the carrier frequency , the higher is the maximum 
signal gain. From these relations, the advantage of using an RF or microwave carrier with 
higher power is obviously helpful to bring the desired signal at the sum frequency up to a 
measurable level even though the ratio of parasitic capacitance to the desired capacitance 
change remains the same. This is essential to the comb resonators since the capacitance 
change due to mechanical motion is small and hence the power at the sum frequency 
generated by this weak coupling effect is very low. After appropriate down-converting 
processes, the amplitude modulation effect at can be extracted from this component at 
the sum frequency +0)<.. 
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Fig. 6.9. Circuit for the illustration of the Manley-Rowe relations [4], 
6.2.2 Circuit design and assembly 
The schematic of the circuit is shown in Fig. 6.10. One key component is the 4-port 
circulator, which prevents inter-modulation between the RF generator and the 'reflected' 
wave at the sum frequency from the sense port by a matched load at the 4th port. At the 
drive end, a shunt RF short is used to short any RF signal leaking through to this end to 
prevent inter-modulation. With this circulator, a band-pass filter at the RF carrier frequency 
is not required in our design and still keeps the circuit working as that in Fig. 6.9 does. The 
carrier frequency was chosen to be 500 MHz for demonstration purposes. The 'reflected' 
wave at +(0^ from a sense port is down converted to base band by a mixer followed by a 
low-pass filter to reject any high frequency noise. The base band signal is then amplified 
and fed into a Solartron 1260 impedance analyzer, which extracts the signal at the drive 
frequency. In order to cancel the phase uncertainty introduced by a mixer, a direct 
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quadrature down-conversion configuration [30] is used. The chip with comb resonators, 
fabricated by the Multi-User MEMS Processes (MUMPs) in MCNC, was packaged in a MSI 
package for better measurement results. The substrate of the chip was conductive epoxied to 
the ground plane of the package. The Polyl layer, which forms a ground plane underneath a 
microresonator, was also connected to the ground plane of the package to form a ground 
return. The drive and the sense ports of a selected microresonator were connected to two 
separate leads of the package by bond wires. Because of the symmetry of the 
microresonator, either one of the inputs leads can be the drive port or the sense port. All the 
detection circuit except the circulator was assembled on a PCB. 
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Fig. 6.10 The schematic of the reflection-type readout circuit. 
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Fig. 6.11 The reflection-type readout circuit. 
6.2.3 Measurement results 
As a comparison, the input admittance of a folded-beam comb resonator is measured 
directly on a probe station using a Solartron 1260 impedance analyzer. The measured result 
was shown in Fig. 6.4. Using the same structure on another chip, the reflection-type readout 
circuit gave the measurement result shown in Fig. 6.12. A straight-beam microresonator was 
also used to show the spring-hardening effect [26] as shown in Fig. 6.13, and nonlinear 
behavior as shown in Fig. 6.14. 
A reflection-type off-chip readout circuit with a carrier at 500 MHz is presented in this 
section. The measurement results show that the circuit is capable of measuring the frequency 
responses of capacitive comb resonators. Since a comb resonator is a lateral device, which 
vibrates in a plane parallel to the substrate, it is possible to apply a large DC bias and an AC 
drive voltage to obtain a large electrostatic force and a large amplitude of vibration. 
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Fig. 6.12. The frequency response of a folded-beam comb resonator measured by the reflection-type 
demodulation circuit. 
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Fig. 6.13. The spring-hardening effect of a straight-beam comb resonator. The resonance frequency 
increases as bias voltage increases. 
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Fig. 6.14. The nonlinear behavior of a straight-beam comb resonator. The transition points occur at 
different frequencies as the frequency of drive signal sweeps upwards and downwards, respectively. 
6.3 Estimation of the resonance frequencies of cantilevers 
Using the reflection-type readout circuit, we have successfully measured the frequency 
response of the admittance of two types of micromechanical comb resonators. The extension 
of this particular method to the measurement of the frequency response of cantilevers is quite 
difficult for several reasons: 
1. Their one-port nature, which makes the application of two signals at very different 
frequencies very difficult to be isolated from each other. Since the input impedance 
of a cantilever is quite high, the input impedances of the band-pass filters to pass 
either the high-frequency carrier or low-frequency drive might not be as high as that 
of the device under test and a contamination of these two signals occurs due to 
imperfections of the filters. 
2. A low driving electrostatic force. Since the electrostatic force is proportional to the 
product of the DC bias voltage and the AC drive voltage, the pull-in voltage of a 
cantilever imposes a very severe restriction on the applied voltages and hence the 
magnitude of the electrostatic force. 
3. Low g nature of a micro cantilever. The vertical vibration of a micro cantilever 
encounters a squeeze-film damping effect, which is more dissipative than the 
Couette flow damping for the lateral vibration, and therefore results in a low Q. 
4. Large parasitics. Maybe a direct measurement method is a good alternative if the 
through current can be amplified to a higher level and a good contact to the pads 
can be obtained, which requires the chip to be bonded into a package. 
A simple circuit using a trans-impedance amplifier might be helpful to raise the signal 
level. However, low g together with large parasitics around the device under test makes the 
motional-induced impedance (or admittance) change hard to measure. As in Fig. 6.4, the 
resonant point of the micro comb resonator with (g estimated to be 40 is observed only by a 
0.1° phase change. For a micro cantilever, it is expected to be less. From the discussions 
above, a more sophisticated readout circuit is necessary to obtain the frequency response of a 
cantilever. 
As discussed in section 2.2, the influence coefficient method is capable of estimating the 
resonance frequencies of cantilevers from their dimensions. The quality factors can also be 
estimated by the equation (2.35) as repeated below: 
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For the tapered-width structures, the width can be approximated with a mean value of the 
width. The estimated resonance frequencies and 0 factors are listed in the following tables. 
Note that the resonance frequencies of the straight-beam cantilevers do not depend on their 
widths. This is because the spring constant of a straight-beam cantilever is proportional to 
the width and so is the mass of the cantilever. They cancel out with each other for the 
resonance frequency is the square root of the ratio of these two quantities. 
Table 6-1 
The estimated resonance frequencies (in kHz ) of straight-beam cantilevers 
CB 1 2 3 4 
1 245.61 65.03 29.47 13.27 
2 245.61 65.03 29.47 13.27 
3 245.61 65.03 29.47 13.27 
4 245.61 65.03 29.47 13.27 
5 245.61 65.03 29.47 13.27 
Table 6-2 
The estimated resonance frequencies (in kHz ) of linear-tapered cantilevers 
Linear 1 2 3 4 5 6 7 
1 122.83 58.03 33.11 21.16 14.57 10.59 8.01 
2 105.63 49.72 28.36 18.14 12.51 9.11 6.91 
3 95.45 45.45 25.98 16.64 11.5 8.39 6.37 
Table 6-3 
The estimated resonance frequencies (in AHz ) of parabolic-tapered cantilevers 
Parabolic 1 2 3 4 
1 83.02 33.58 17.07 9.96 
2 65.78 26.55 13.53 7.93 
3 51.99 21.08 10.8 6.36 
4 41.3 16.87 8.7 5.15 
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Table 6-4 
The estimated resonance frequencies (in kHz ) of parabolic-tapered cantilevers 
Expo. 1 2 3 4 
1 121.1 52.1 26.52 14.9 
2 79.66 28.38 11.85 5.42 
3 51.22 14.84 4.99 1.82 
4 32.27 7.51 2 0.58 
Table 6-5 
The estimated quality factors of straight-beam cantilevers 
CB 1 2 3 4 
1 87.5 23.2 10.5 4.7 
2 12.3 3.3 1.5 0.7 
3 4.7 1.2 0.6 0.3 
4 2.4 0.65 0.3 0.1 
5 1.5 0.4 0.2 0.08 
Table 6-6 
The estimated quality factors of linear-tapered cantilevers 
Linear 1 2 3 4 5 6 7 
1 17.4 6 2.6 1.3 0.7 0.6 0.4 
2 7.5 2.3 0.9 0.4 0.2 0.2 0.1 
3 4 0.2 0.5 0.2 0.1 0.09 0.05 
Table 6-7 
The estimated quality factors of parabolic-tapered cantilevers 
Parabolic 1 2 3 4 
1 7.1 1.3 0.3 0.1 
2 2.3 0.4 0.09 0.03 
3 0.7 0.1 0.02 0.007 
4 0.2 0.03 0.006 0.002 
Table 6-8 
The estimated quality factors of exponential-tapered cantilevers 
Expo. 1 2 3 4 
1 23 6.4 2 0.7 
2 4.5 0.6 0.07 0.01 
3 0.7 0.03 0.002 0.001 
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From Table 6-5 to Table 6-8, it is clear that the quality factors are small except for those 
cantilevers with small dimensions, which means that in order to have a significant qualify 
factor a cantilever should have a shorter length and a narrower width. However, a cantilever 
with small dimensions has a small capacitance change even though the displacement is large. 
With the resonance frequencies estimated above and the quality factors in mind, we started 
the measurement of frequency response with small and narrow straight-beam cantilevers. 
Though the direct measurement method suffers from large parasitic shunt capacitance, it is 
relatively simple to measure the resonance frequency and suitable to be used to extract the 
equivalent circuit of a device under test. Therefore, the direct measurement method was used 
to measure the frequency response of devices under test. From the frequency response of the 
cantilever SB6111 shown in Fig. 6.15, the series resonance frequency, which is due to the 
mechanical resonance, is around 200 kHz and the parallel resonance, which is due to the 
resonance with a large parasitic shunt capacitance, is around 215 kHz. The equivalent 
circuit can be derived by the same procedure described in section 6.1. For those structures 
with small quality factors, no resonance frequency can be seen from the frequency response. 
More measurement results can be found in Appendix E. 
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Fig. 6.15. The measured input admittance of the cantilever SB6111. It shows that the series resonance 
is around 200 kHz and the parallel resonance point is around 215 kHz. 
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6.4 Summary and discussion 
In (his chapter, two methods to obtain the frequency response of a micro-mechanical 
comb resonator are discussed and demonstrated. The direct measurement of the input 
admittance of a microstructure has a weaker signal level, hence is corrupted by noise. A 
careful measurement for the on-wafer probing is essential to this method. Moreover, a large 
parasitic shunt capacitance associated with contact pads also deteriorates the desired through 
current. However, it is possible to extract the equivalent circuit from the measured input 
admittance. A direct-conversion amplitude demodulation circuit has been implemented to 
carry out the frequency response measurement for micro-mechanical comb resonators. The 
advantage of this method is that the parasites won't affect the measurement since the readout 
circuit only picks up the amplitude modulated envelope of the carrier such that a better result 
can be obtain by this method. However, the components between the DUT and the output of 
the readout circuit such as power splitter, mixer, and amplifier make it difficult to refer the 
final output back to the input impedance of the DUT, therefore the equivalent circuit of the 
device under test is impossible to be extracted by this method. 
The frequency response measurement for a cantilever is more difficult by the second 
method because of its one-port nature, low Q, small deflection, and the parasitic capacitance. 
A more careful design is necessary to extract the amplitude-modulated signal, though the 
direct measurement method still works fine for those cantilevers with smaller dimensions. 
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Chapter 7. Conclusions and Discussion 
In this study we have discussed both the static and dynamic behaviors of simple 
structures under study and a short derivation of the electromechanical transduction. Since the 
moment of inertia of a taper structure is position-dependent, the 4^ order differential 
equation describing the deflection of such a structure has been converted into a finite 
difference form and solved by a self-consistent iterative process. A numerical instability is 
found to be the indication of the pull-in event and therefore a pull-in voltage can be obtained. 
The measured pull-in voltages allow the Young's modulus of the material (polysilicon) to be 
extracted by the program. An approximate method (influence coefficient method) has also 
been implemented to calculate the resonant frequencies of tapered cantilever beams and 
bridges. This method gives not only the resonance frequencies but also mode shapes for each 
mode. Compared to Rayleigh's method, which gives only the fundamental frequency but 
requires a guessed mode shape to calculate the potential energy, the influence coefficient 
method is easier to implement and gives more information about the vibration of a cantilever. 
We have briefly reviewed the manufacturing process MUMPs for a cantilever as an 
example and also discussed some considerations about structure design. We investigated the 
geometry-dependent pull-in voltages of cantilevers with tapered widths. A virtual database 
of the pull-in voltages has been established for tapered-width cantilevers. Based on the 
analytical form of the pull-in voltage for a simple cantilever, we have obtained empirical 
forms of the pull-in voltages for tapered-width cantilevers in our study. The empirical 
formula is the basis of the pull-in voltage synthesis by geometry control of a cantilever and 
might be helpful for integrated cantilever sensor system in which the actuating voltage is 
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limited by the low power supply of an integrated circuit. DC measurements by the method in 
[11] for pull-in voltages have been performed for various microstructures to extract the 
Young's modulus of polysilicon on Poly I layer. By measuring this DC current, we are able 
to observe at what voltage a structure snaps on its ground plane, which is essential in an 
application. 
From the sensitivity analysis of the reflection coefficient of a one-port device to the 
frequency, we have derived two measurement methods to maximize the sensitivity of the 
reflection coefficient to the impedance change of a one-port device (a micro cantilever). 
From the measurement results, it is clear that the reflection coefficient is close to one for the 
first method. The input impedance of a DUT (associated with parasitics) is large at the 
operating frequency. However, the reflection coefficient change due to the deflection of a 
micro cantilever is small relative to that at zero-bias for a cantilever with small area. 
Concerning the second method, the reflection coefficient can be very small if the DUT is 
well matched. The reflection coefficient change due to the deflection of the micro cantilever 
is large, though the signal level is very low in a matched condition. This method is best to 
use on a conjugate-matched 2-port device where the transmitted signal (S21) is a maximum. 
Since the measurable quantity is the reflection coefficient for a 1-port device, a weak signal 
buried in the noise floor is not of interest for a practical application. Fortunately, a DC bias 
voltage can slightly modify the matched condition and move the signal out of the noise floor, 
as in Fig. 5.14, or tune the matched condition to a desired level. Besides, a DC bias voltage 
also sets a micro cantilever to a different level of sensitivity to the external force at the 
corresponding equilibrium position. 
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Using a reflection-type readout circuit, we have successfully measured the frequency 
response of the admittance of two types of micromechanical comb resonators. The extension 
of this particular method to the measurement of the frequency response of cantilevers is quite 
difficult for several reasons: 
1. Their one-port nature 
2. Low driving electrostatic force. 
3. Low Q nature of a micro cantilever. 
4. Large parasitics. 
Because of these difficulties, a more sophisticated readout circuit is necessary to obtain the 
frequency response of a cantilever. A vacuum package to eliminate the squeeze-film 
damping between a cantilever and its ground plane will greatly improve the quality factor 
dramatically. However, for cantilevers with smaller dimensions, the qualify factor is large 
enough for the direct measurement of the input admittance. Therefore the frequency 
responses car. be obtained for these structures. 
For the readout circuit, it might be possible to replace the bulky circulator with a 
microstrip directional coupler at a higher carrier frequency to reduce the volume and to 
integrate it on a print-circuit board or with an active circulator it's possible to make it on a 
chip. 
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Appendix A. Matlab program list 
A-l The programs for solving the pull-in voltages 
The finite-diSerence form of the governing equation (2.9) is assembled and solved by a 
self-consistent iterative process to obtain the pull-in voltages of a cantilever and a bridge 
structure. The main task for the tapered-width structures is to find the flexural rigidity 
matrix. For a tapered-width cantilever, the term on the left of the governing equation (2.6) is 
(A. 1.1) 
Express each term in (A. 1.1 ) in finite-difference forms 
v, "= (v,+i -2v, +v,_])//^ 
V
' — (V;'+2 ~ 2vz+1 — 2vj_, — Vj-_2 ) / h 
= (Vf+2 +6v, -24,._1 +v,_z)/A^ 
(A. 1.2) 
For the element i, the equation (A. 1.1) is 
(A. 1.3) 
Let = ET, / g, = .57, '/ , and = E7/'/A^, the equation (A. 1.3) can be rewritten as 
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[Ip, - 9/ ) Mf, + + r, ) (6p, - r, ) -2g, + r, ) (f, + )] 
''i-Z 
vM 
";+l 
Vi+2 
The boundary conditions are: 
1. At the fixed end: 
_n ^ 
v
° "
0 ,  &  
= 0 => (v_j - v) / h = 0 ==> v_j = Vj 
2. At the free end, the bending moment is zero: 
— 0 => vjV+1 2Vn  + vN_ x  - 0 => v^-+1 - 2Vn vN_ l  
3. At the free end, the shear force is also zero: 
- 0 => VN + 2  
- 2v^+i + 2v#_ -1 -V#-2 =0 
^ VN+2 = 2v#+i -2v//_ -1 +  VN-2 
=>^+2 11 #
 1 • 4vAM + V//-2 
(A. 1.4) 
(A. 1.5) 
(A. 1.6) 
(A. 1.7) 
For z = 1,2, AT -1, and TV, equation (A. 1.3) combined with the boundary conditions are 
[(7A -?i -2fi) (-4# -2#i +7-J ^ = /i (A. 1.8) 
[(-4^2 +2^2 +rz) (6^2 -2^) (-4^2 -2^2 +rz) Cfz +^2)] - fl (A. 1.9) 
I l l  
[(f w-i - 9Aw ) N-i + ) (5p^_, - - 2^ ) (-2p^_, + r^_, )] 
'#-3 
'N-2 
'N-1 
~ IN-I  
(A. 1.10) 
[(2p^)(-4p/v)(2p^)] 
^-2 
"W-l 
'N 
~ fi N (A.1.11) 
For z = 3 to TV - 2, ±e equation (A. 1.3) is 
[(P, - 9, ) ("4P, + 2g, + ) (6p, - 2/; ) (-4p, - 2g, + /; ) (p, + g, )] 
vi-2 
vi-1 
V; 
;+l 
^f+2 
= // (A.1.12) 
/in ±e equations above is the load vector. 
x=0 
A 2A (2/-1)6 
Figure A. 1.1 The configuration of a cantilever. 
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A-l-1 Linear taper function 
For a linear-tapered width function w(x) = <zx + Wg, the moment of inertia and its 
derivatives are 
/(X) = —X%) = —(ax + ^o) (A.1.13) 
V' at'' /'(%) = —V(z) = -^- (A.1.14) 
12 12 
t^ /"(%) = —-V'W = 0 (A.1.15) 
A-l-2 Parabolic taper function 
For a parabolic-tapered width function w(x) = , the moment of inertia, its 
derivatives and the corresponding j?,, 9, and A}are 
/(%) = —w(x) = —(cuc^+^o) (A.1.16) 
/'(%) = w"(%) = % (A.1.17) 
12 6 
V' at3 
r (%) =—V'W = — (A. 1.18) 
12 6 
A-l-3 Exponential taper function 
For a exponential-tapered width function w(z) = , the moment of inertia, its 
derivatives and the corresponding , g, and are 
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/W = —^) = —^0^ (A.1.19) 
t3 /' (%) = —— w' (%) = a/ (%) (A. 1.20) 
,3 
/" (%) = —— w" (%) = a V(x) (A. 1.21) 
A-l-4 The bridge structures 
For a fixed-fixed bridge structure, the governing equation and the boundary conditions 
are quite different. The residual stress needs to be included in the governing equation as 
follows 
&{EI^ 'T^ --F (A'L22) 
where T is the stress in the structure and F the load. For the bridge the boundary conditions 
are 
v(0) = 0, ^^ = 0 => = Vi (A. 1.22) 
v(l) = 0, = 0 => (A. 1.22) 
ok 
Without considering the second term in the equation (A. 1.22), we have the same expression 
as in equation (A. 1.4) for the first term on the left-hand-side of the equation (A. 1.22). Thus 
for z = 3 to TV - 2, the equation (A. 1.12) is applicable. The modifications for the boundary 
conditions are necessary for z = # - 2 and TV -1. For z = # - 2 
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[(P#-2 -9^-2) (-^^Af-2 +/#_2) (6p^,_2 -2g^_2)(-4p^_2 -2^_2 + ^_%)] "W-3 
^//-2 
"AT-1 
- y^-2 
(A. 1.23) 
For i  =  N -1 
[(PN-I <7 am ) ( ^PN-\ + + RN-\ ) (JPN-\ +  ^ j V-i ~rs-\ )] ^//-2 - fh'-\ (A. 1.24) 
For i  - 1 , 2  ,  K t j  is the same as that in (A. 1.8) and (A. 1.9). For the term involved with the 
stress, we will derive the difference form for each element. For element i, 
v", = (X+i -2v, +v,_i)/A' (A. 1.25) 
And j&om the boundary condition (A. 1.22), we have the second term for z = 0 
—[v_, -2vq +vj =>2—[vj 
A A 
(A. 1.26) 
For z = 1, 
1 
h  
2 l>2 +Vq] T ¥V-2 i] (A. 1.27) 
For z = vV - 2 
TrW-3 -2v^_2 +V//-1] => Tr[-2 1 1] 
^AT-3 
vV-1 
(A. 1.28) 
For z = TV — 1 
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(A. 1.29) 
Assembling the equations (A. 1.23) to (A. 1.29), we have the complete finite difference form 
for the equation (A. 1.22). 
A-l-5 Program list 
Plugging (A. 1.8) - (A. 1.12) into (A. 1.13) - (A.1.21), we are able to obtain each element in 
the flexural rigidity matrix ^ and are able to solve it. The programs for the above taper 
functions are listed below. For a straight-beam cantilever, set the coefficient a in each 
program to zero. For the bridge structures, we only include the program for solving the 
displacement of linear-tapered bridges. 
% fdstadc_lincar_cIosed_form.m 
% Chieh-Hsiao Wang, May 5, 2001, 
% This program is to calculate the static deflection 
% of a linear tapered cantilever under electrostatic force. 
% Differential equations in Finite difference form: Kv=f 
% K is the flextural rigititv matrix, v is the displacement vector 
% fis the load vector. 
clear 
format long e 
nu=0.22; % Poisson ratio of polysilicon 
L=100; % total length of cantilever (urn) 
E=170e9/(l-nuA2>; % Effective Young's modulus of Silicon ( GPa. IPa - lN/mA2 ) 
x=0 
x—L 
i k  
Figure A.2 The configuration of a fixed-fixed bridge. 
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a =0.0; % slope of width taper function 
Vstart=56; % Start Voltage 
Vstep=0.1 ; % Voltage Step 
tol=le-10; % tolerance of the gap convergence 
no_interation=1000; % max. no. of ieration 
density=2330; % kg/mA3, density of polysilicon 
e0=8.85e-12; % permittivity of air 
w0=10e-6; % width at x=0 
d0=2e-6; % gap when V=0 
T=2e-6; % thickness of the cantilever 
h=2; % unit length 
N=L/h; % no. of discrete points 
Icoeff=T*T*T/12; % coefficient for the moment of inertia 
h=2e-6; % unit length 
for i=l:N 
x(i)=i*h; % the position of the center of mass for each mass 
w(i)=w0+a*x(i); % the width of each mass element 
end 
% Preparation of the flexural rigitity marix 
I=w*Icoeff; % moment of inertia in the z-axis 
p(l:N)=E*I/(h*h*h*h); 
q(l :N)=E*a*Icoeff7(h*h*h); 
r(l:N)=0; 
K( 1 :N, 1 :N)=0; %flexural rigidity matrix 
K(l,l)=7*p(lM(l).2*r(l); 
K(l,2)=^*p(l).2*q(l)+r(l); 
K(l,3)=p(l)+q(l); 
K(2,l)=4*p(2)+2*q(2)+r(2); 
K(2,2)=6*p(2)-2*r(2); 
K(2,3)=-4*p(2).2*q(2)+i(2); 
K(2,4)=p(2)+q(2); 
K(N-l,N-3)=p(N.l)-q(N-l); 
K(N-l,N-2)=-4*p(N-l)+2*q(N-l)+r(N-l); 
K(N-l,N-l)=5*p(N-l)-q(N-l)-2*r(N-l); 
K(N-l,N)=-2*p(N-l)-H(N-l); 
K(N,N-2)=2*p(N); 
K(N,N-l)=-4*p(N); 
K(N,N)=2*p(N); 
for i=3:N-2 
K(i,i-2)=p(i)-q(i); 
K(i,i-1 )=-4*p(i)+2*q(i)+r(i); 
K(i,i+l)=-4*p(i)-2*q(i)+r(i); 
K(i,i+2)=p(i)+q(i); 
end 
% call the solver to solve for the displacement vector vs. bias voltage 
[V,max_v]=fdstatic_solver(V s tart, V step, dO,w,no_interation,K,tol) ; 
plot(V,max_v,'k') 
xlabelCVoltage (V)") 
ylabel('Displacement of cantilever tip (m)') 
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% fdstadcjparab_closed_form.m 
% Chieh-Hsiao Wang, May 5, 2001 
% This program is to calculate the static deflection 
% of a parabolic tapered cantilever under electrostatic force. 
% Differential equations in Finite difference form: Kv-f 
% K is the coefficient matrix, v is the displacement vector 
% fis the load vector. 
clear 
format long e 
nu=0.22; % Poisson ratio of polvsilicon 
L=100; % total length of cantilever (um) 
E=170e9/(l-nuA2); % Effective Young's modulus of Silicon ( GPa, IPa = lN/mA2 ) 
a=0.0/le-6; % coefficient of squared term in parabolic function 
Vstart=56; % Start Voltage 
Vstep=0.1 ; % Voltage Step 
tol=le-10; % tolerance of the gap convergence 
no_interation= 1000: % max. no. of ieration 
density=2330; % kg/mA3, density of polvsilicon 
e0=8.85e-12; % permittivity of air 
w0=10e-6; % width at x=0 
d0=2e-6; % gap when V=0 
T=2e-6; % thickness of the cantilever 
h=2; % unit length 
N=L/h; % no. of discrete points 
h=2e-6; % unit length 
Icoe#=T*T*T/12; 
L=L*le-6; 
IcoejGP=T*T*T/12; 
IdcoefT=2 *a*Icoeff; 
Iddcoeff=Idcoeff; 
qcoeff=a*E*2*Icoeff7(h*h); 
for i=l :N 
x(i)=i*h; 
end 
w=w0+a*x.*x; % width as a function of 
% Preparation of the flexural rigitity marix 
I=w*Icoe8; % moment of inertia in die z-axis 
p=E*I/(h*h*h*h); 
q=E*IdcoefPx'(h*h*h) ; 
r( 1 :N)=E*Iddcoeff7(h*h); 
K(1:N,1:N)=0; %flexural rigidity matrix 
K(l,l)»7*p(lM(l)-2Xl); 
K(l,2)=-4*p(l).2*q(l)+r(l); 
K(l,3)=p(l)+q(l); 
K(2,l)=^*p(2}+2*q(2)4T(2); 
K(2,2)=6*p(2)-2*r(2); 
K(2,3)-4*p(2)-2*q(2)+i(2); 
K(2,4)=p(2)+q(2); 
K(N-l,N-3)=p(N-l)-q(N-l); 
K(N-l,N-2)=^*p(N.l)+2*q(N-l)+r(N-l); 
K(N-l^-l)=5*p(N-l)-q(N-l).2*i(N-l); 
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K(N-l,N)=-2*p(N-l)+i(N-l); 
K(N,N-2)=2*p(N); 
K(N,N-l)=-4*p(N); 
K(N,N)=2*p(N); 
for i=3:N-2 
K(i,i-2)=p(i)-q(i); 
K(i,i-l)-4*p(i)+2*q(i)+r(i); 
K(i,iM*p(i)-2*r(i); 
K(i,i+1 )=^-4*p(i)-2*q(i)4-r(i); 
K(i,i+2)=p(i)+q(i); 
end 
% call the solver to solve for the displacement vector vs. bias voltage 
[V,max_v]=fdstatic_soIver(Vstart,Vstep,dO,w,no_interation,K,tol); 
plot(V,max_v,'k') 
xlabel('Voltage (V)') 
ylabel('Displacement of cantilever tip (m)') 
% fdstatic expo closed form.m 
% Chieh-Hsiao Wang, May 5, 2001 
% This program is to calculate the static deflection 
% of a linear tapered cantilever under electrostatic force. 
% Differential equations in Finite difference form: Kv=f 
% K is the coefficient matrix, v is the displacement vector 
% f is the load vector. 
clear 
format long e 
nu=0.22; % Poisson ratio of polvsilicon 
1=100; % total length of cantilever (urn) 
E=170e9/( 1 -nuA2); % Effective Young's modulus of Silicon ( GPa, IPa = lN/mA2 ) 
a=0.0/le-6; % coefficient exponential function 
Vstart=56; % Start Voltage 
Vstep=0.1 ; % Voltage Step 
tol=le-10; % tolerance of the gap convergence 
no_interation= 1000; % max. no. of ieration 
density=2330; % kg/mA3, density of polvsilicon 
e0=8.85e-12; % permittivity of air 
w0=l Oe-6; % width at x=0 
d0=2e-6; % gap when V=0 
T=2e-6; % thickness of the cantilever 
h=2; % unit length 
N=L/h; % no. of discrete points 
h=2e-6; % unit length 
Icoe@=T"T*T/12; 
fbri=l:N 
x(i)=i*h; 
end 
w=w0*exp(a*x); % width as a function of 
% Preparation of the flexural rigitity marix 
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I=w*Icoeff; % moment of inertia in the z-axis 
p=E*I/(h*h*h*h); 
q=E*a*I/(h*h*h); 
r=E*a*a*I/(h*h); 
K( 1 :N, 1 :N)=0; %flexural rigidity matrix 
K(l,l)=7*P(l)-q(l)-2*i(l); 
K(l,2)=^*p(l)-2*q(l)+r(l); 
K(l,3)=p(l)+q(l); 
K(2,l)=-4*p(2)+2*q(2)+r(2); 
K(2,2)=6*p(2)-2*r(2); 
K(2,3)=-4*p(2)-2*q(2)+i(2); 
K(2,4)=p(2)+q(2); 
K(N-l^-3)=p(N.l)-q(N-l); 
K(N-1^.2)=^*p(N-l)+2*q(N-l)+r(N-l); 
K(N-l,N-l)=5*p(N-l)-q(N-l)-2*i(N-l); 
K(N-l,N)=^2*p(N-l)4-r(N-l); 
K(N,N-2)=2*p(N); 
K(N,N-l)=-4*p(N); 
K(N^)=2*p(N); 
fori=3:N-2 
K(i,i-2)=p(i)-q(i); 
K(i,i-l)=-4*p(i)+2*q(i)+r(i); 
K(i,i)=6*p(i)-2Xi); 
K(i,i+l)=-4*p(i)-2*q(i)+r(i); 
K(i,i+2)=p(i)+q(i); 
end 
% call the solver to solve for the displacement vector vs. bias voltage 
[V,max_v]=fdstatic_solver(Vstart,Vstep,dO,w,no_interation,K,tol); 
plot(V,max_v,'k') 
xlabel('Voltage (V)') 
ylabel('Displacement of cantilever tip (m)') 
% fdstatic linear bridge.ni 
% Chieh-Hsiao Wang, May 5, 2001 
% This program is to calculate the static deflection 
% of a linear tapered cantilever under electrostatic force. 
% Differential equations in Finite difference form: Kv=f 
% K is the coefficient matrix, v is the displacement vector 
% f is the load vector. 
clear 
hold on 
format long e 
Vstart=l; % start voltage 
Vstep=l; % step voltage 
w0=50e-6; % width at x=0 
a=0.0; % slope of width taper function 
L=350; % total length of cantilever (um) 
nu-0.06; % Poisson's ratio 
E=169e9/( 1 -nuA2); % Young's modulus of Silicon ( GPa. lPa = lN/mA2 ) 
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density=2330; % kg/mA3 
e0=8.85e-12; % permittivity of air 
d0=le-6; % gap when V=0 
T=3e-6; % thickness of the cantilever 
tol=le-12; % tolerance 
h=l ; % the unit length (urn) 
N=L/h; % no. of discrete points 
no_interation= 1000;% no. of iteration 
h=h*le-6; 
Icoe#=T*T*T/12; 
i=l:(N-l); 
x=h*i; 
w( 1 :N/2-1 )=w0+a*x( 1 :N/2-1 ); % width as a function of 
fbrj=l:(N/2-l) 
w(N/2+j)=w(N/2-j); 
end 
w(N/2)=w(N/2-l); 
Tb=-25e6*w*T; % residual stress (Pa) 
Tcoeff=Tb/(h*h); % coefficient of stress term 
Tcoef£2=2*Tcoeff; 
I=w*Icoeff;; % moment of inertia in the z-axis 
p(l:N-l)=E*I/(h*h*h*h); 
q( 1 :N-1 )=E*a*Icoeff/(h*h*h) ; 
r(l:N-l)=0; 
K(1:N-1,1:N-1)=0; %flexural rigidity matrix 
K(l,l)=7*P(l)-q(l)-2*i(l)+Tcoeg2(l); 
K(l,2)=-4*p(l)-2*q(l)-hr(l)-Tcoc8(l); 
K(l,3)=p(l)+q(l); 
K(2,l)=^*p(2)+2*q(2)+r(2)-Tcoea(2); 
K(2^)=6*p(2)-2*r(2)+Tcoeg2(2); 
K(2,3)=-4*p(2).2*q(2)+r(2)-Tcoee(2); 
K(2,4)=p(2)+q(2); 
K(N-2,N-4)=p(N-2)-q(N-2); 
K(N-2,N-3)=-4*p(N-2)+2*q(N-2)+r(N-2)-Tcoefï(N-2); 
K(N-2,N-2)=6*p(N-2)-2*r(N-2)+TcoefE2(N-2); 
K(N-2,N-l)=-4*p(N-2)-2*q(N-2)+r(N.2)-Tcoefï(N-2); 
K(N-l,N-3)»p(N-l)-q(N-l); 
K(N-l,N-2)=^*p(N-l)+2*q(N-l)+r(N.l)-Tcoe8[N-l); 
K(N-l,N-l)=7*p(N.l)+q(N-l)-2*r(N-l)+TcoefE2(N-l); 
for i=3:N-3 
K(i,i-2)=p(i)-q(i); 
K(i,i-l)=-4*p(i)+2*q(i)+i(i)-Tcoeg(i); 
K(i,i)=6*P(i)-2*r(i)+Tcoea2(i); 
K(i,i+1 )=-4 *p(i)-2*q(i)4-r(i)-T coeB(i) ; 
K(i,i+2)=p(i)+q(i); 
end 
% call the solver to solve for the displacement vector vs. bias voltage 
[V.max_v]=fdstatic_solver(Vstart.Vstep,dO,w.no_interation,K,tol); 
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plot(V,max_v,'k') 
xlabelC Voltage (V)') 
ylabelfDisplacement of cantilever tip (m)') 
function [V,max_v]=fdstatic_soIver(Vstart,Vstep,dO,w,no_interation,K,toi) 
e0=8.85e-12; % permittivity of air 
R=1.8; % relaxation coefficient, 
% 1.9 is the largest number to have numerical convergence. 
% speed up the convergence process while having numerical stability 
N=length(w): 
k=l; 
for j=l : 10 
v( 1 :N, 1 )=0.0; % initial guess of deflection vector v 
dv(l:N)=l; 
V(k)=Vstart+(j-1 )*V step: 
fringe=l+0.65*(d0+v)./w'; 
fcoeff=-0.5*e0*V(k)*V(k)*fringe; 
f=fcoeff.*w'./((dO+v).*(dO+v)); % load 
%f( 1 :Nf0)=0; % there is no electrostatic firce at the first point on the fixed end 
% start iteration 
ii=1 ; 
while max(abs(dv))>tol & ii<no interation 
v_sol=K\f; 
dv=v_sol-v; 
v_new=v+R*dv; 
v=v_new; 
fringe= 1 +abs((d0+v)./w') ; 
fcoeff=-0.5*e0*X7(k)*V(k)*fringe; 
f=fcoeff.*w'./((dO+v).*(dO+v)); % load 
% f(l:NfD)=0; 
ii=ii+l; 
end 
%color=color_select(j+l); 
max_v(k)=abs(v_sol(N)) ; 
[V(k);iipmax_v(k)] 
k=k+l; 
end 
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A-2 Programs for the estimation of the resonance frequencies 
By the influence coefficient method, the resonance frequencies and the mode shapes can 
the calculated. Before using this program, a symbolic computation to derive the expression 
for the influence coefficient has to be carried first as highlighted in the following program. 
The expression, also highlighted in the program, for the influence coefficient is then used in 
the calculation. Note that only the program for the linear-tapered cantilever is listed below. 
% nature_freq_lin 
% Chieh-Hsiao Wang , August 21. 2001 
% This program is to calculate the natural frequency of a straight-beam cantilever 
clear 
% syms i n ij wO a 
% f=(xj-x)*(xi-x)/(wO+a*x); 
% s=int(f*0^[j) 
t=cputime; 
N=174; % number of node points 
a-0.6; % slope of the taper function 
density=2330; % material density, Polysilicon 
E=170e9; % Young's modulus 
T=2e-6; % thickness of the cantilever 
L=N* le-6; % length of the cantilever 
w0=10e-6; % width of the cantilever 
dx=L/N; % unit length 
A( 1 :N, 1 :N)=0; % initialization of the influence coefficient 
coe#=12/(E*T*T*T); 
for j=l:N 
x(jMi-05)*dx; 
w(j)=w0+a*x(j); 
m(jj)=density*T*w(j)*dx; 
for i=l :j 
x(i)=(i-0.5)*dx; 
% integate xi 
s(iJ)=l/2*(-x(i)*2*a^2+2*log(w0+a*x(i))*W2-2*a^2*i(j)*i(i)-
2*w0*a*i(i)+2*log(w0+a*i(i))*i(j)*x(i)*a^2+2*log(w0+a*x(i))*w0*i(i)*a+2*Iog(w0+a*i(i))*w0*i(i)*a-
2*log(w0)*iQ)*x(i)*a*2-2*log(w0)*w0*x(j)*a-2*log(w0)*w0*x(i)*a-2*log(w0)*w0^2)/a^3; 
A(ij)=coe8*s(ij); 
end 
end 
DM=inv(m)*inv(A); % dynamic matrix 
freq=sqrt(eig(DM))/(2*pi); % natural frequencies 
fundmental_f=min( freq) % fundamental frequency 
cpu_time=cputime-t 
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Appendix B. The measured pull-in voltages and the extracted 
Young's modulus 
The naming conventions for straight-beam, linear-tapered, parabolic-tapered, and 
exponential-tapered cantilevers are SB, L, P, and E, respectively. There are 25 cantilevers in 
each SB group on a chip as shown in the die map in Fig. B.l. The following example in Fig. 
B.2 shows the cantilever at the row 3, column 4 in the SB group 2 on the chip #1. The 
measured pull-in voltages are in the following tables. 
• Linear 
exponential 
SB1 
SB2 
SB3 
SB4 
SB5 
Fig. B.l Die man for the naming convention. 
Straight-Beam cantilever 
1 
SB1234 
t 
Chip no. 
Group no. 
Column no. 
Row no. 
Fig. B.2 An example of the naming convention. 
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Table B-1 
The pull-in voltages for straight-beam cantilevers 
Group SB11 SB 12 SB13 SB 14 SB15 
(Col.,Row) width length Vpi(V) Vp,(V) Vpi(V) V?i(V) V?i(V) 
21 12 206 13.3 — 13.08 13.88 12.86 
22 32 206 13.2 13.48 13.38 13.4 13.24 
23 52 206 13.54 13.6 13.46 13.62 13.58 
24 72 206 15.04 13.7 13.58 14 13.38 
25 92 206 14.26 13.62 13.6 14.44 13.4 
31 12 306 7.05 6.82 6.58 7.21 6.36 
32 32 306 6.67 6.64 6.49 6.47 6.26 
33 52 306 — 6.5 6.42 6.6 6.23 
34 72 306 6.95 6.54 6.38 6.92 6.24 
35 92 306 7.1 6.45 6.3 7.09 6.2 
41 12 456 2.82 3.67 3.14 4.07 2.63 
42 32 456 3.37 3.38 3.32 3.21 — 
43 52 456 4.3 3.21 3.09 3.24 2.77 
44 72 456 3.49 3.09 3.04 3.37 2.77 
45 92 456 3.59 3.03 2.93 3.51 — 
Group SB21 SB22 SB23 SB24 SB25 
(Col.,Row) width length Vp,(V) Vpi(V) Vpi(V) Vpi(V) Vp,(V) 
21 12 206 14.7 15.5 14.96 14.46 14.34 
22 32 206 14.98 14.98 14.84 14.7 14.56 
23 52 206 15.22 15.06 14.98 14.78 14.72 
24 72 206 15.48 15.14 15.06 14.86 14.76 
25 92 206 15.78 15.22 15.02 14.92 14.88 
31 12 306 11.84 8.64 8.01 7.43 7.34 
32 32 306 10.06 7.54 7.18 7.05 6.87 
33 52 306 9.44 7.26 7.13 — 6.85 
34 72 306 8.52 7.26 7.05 6.89 6.82 
35 92 306 7.56 7.22 7.05 6.86 6.79 
41 12 456 4.57 5.44 4.72 4.41 4.12 
42 32 456 3.84 3.9 3.62 3.51 3.28 
43 52 456 3.72 3.56 3.51 3.26 3.19 
44 72 456 3.64 3.43 — 3.21 3.11 
45 92 456 4.5 3.34 3.32 3.12 3.03 
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Table B-1 (continued) 
Group SB31 SB32 SB33 SB34 SB35 
(Col.,Row) width length V?i(V) Vpi(V) Vpi(V) Vpi(V) Vp,(V) 
21 12 206 13.88 13.38 13.66 12.28 12.46 
22 32 206 13.4 13.3 13.12 13.02 12.88 
23 52 206 13.62 13.46 13.14 13.26 13.08 
24 72 206 14 13.62 13.42 13.38 13.22 
25 92 206 14.44 13.58 13.56 13.44 13.34 
31 12 306 7.21 6.79 5.87 5.8 — 
32 32 306 6.74 6.34 6.11 6 — 
33 52 306 6.6 6.22 6.13 6.06 — 
34 72 306 6.92 6.33 6.16 6.05 5.98 
35 92 306 7.09 6.26 6.17 6.12 6.03 
41 12 456 4.07 3.91 3.03 2.84 3.28 
42 32 456 3.21 3.14 2.84 2.87 2.91 
43 52 456 3.24 3.01 2.83 2.92 2.34 
44 72 456 3.37 2.9 — 2.9 2.39 
45 92 456 3.51 2.79 — 2.88 2.72 
Group SB41 SB42 SB43 SB44 SB45 
(Col.JR.ow) width length Vpi(V) Vpi(V) Vpi(V) Vpi(V) Vpi(V) 
21 12 206 13.24 — 13.34 15.46 12.4 
22 32 206 13.5 13.34 — 16.16 12.96 
23 52 206 13.72 13.42 13.22 13.52 13.12 
24 72 206 13.48 13.54 — 13.22 13.24 
25 92 206 13.18 13.56 13.64 13.34 13.38 
31 12 306 7.16 — -- 7.74 7.02 
32 32 306 6.84 6.64 6.32 6.22 6.18 
33 52 306 6.88 7.04 7.18 6.16 6.14 
34 72 306 6.94 — — ™ 6.32 
35 92 306 7.02 — — 6.22 6.14 
41 12 456 4.14 3.74 3.62 4.86 3.02 
42 32 456 3.58 — 3.2 — 2.88 
43 52 456 3.54 — 3.04 — 2.84 
44 72 456 3.56 -- 3.26 2.96 2.84 
45 92 456 3.58 " 2.92 4.12 
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Table B-2 
The pull-in voltages for tapered cantilevers 
L2 1 2 3 4 5 6 7 
1 — 12.08 7.22 4.82 3.45 2.62 2.1 
2 20.1 9.88 5.75 3.72 2.75 — — 
3 17.48 — 4.96 3.33 2.62 1.87 1.54 
P2 1 2 3 4 
1 19.15 7.88 3.98 3.19 
2 14.9 5.99 2.9 
E2 1 2 3 4 
1 29.6 13.58 — 3.78 
3 13.6 
4 9.06 
L4 1 2 3 4 5 6 7 
1 21.8 10.9 6.31 — 2.88 2.17 1.72 
2 17.9 8.79 5.1 3.41 2.26 1.72 1.31 
3 15.62 7.64 4.39 2.86 1.97 1.41 1.22 
P4 1 2 3 4 
1 16.8 6.94 3.56 2.04 
2 13.04 5.3 2.68 
3 9.92 4.46 
4 7.36 
E4 1 2 3 4 
1 22.5 10.48 5.62 3.32 
2 15.6 6 2.61 
3 10.65 
4 6.83 
L1 1 2 3 4 5 6 7 
1 — — 6.2 4.2 — 2.4 1.8 
2 8.6 4.9 3.2 — 1.7 1.3 
3 — — 4.3 2.7 — 1.5 1.1 
L3 1 2 3 4 5 6 7 
1 — 11 6.4 4.2 2.9 2.1 1.6 
2 19.8 9.5 5.1 3.2 2.2 1.6 1.2 
3 — 8.25 4.35 2.8 1.84 1.36 1 
L5 1 2 3 4 5 6 7 
1 — 12.1 7.1 4.6 3.3 2.4 1.8 
2 — 9.7 5.6 3.6 2.4 1.8 1.3 
3 - 8.4 4.8 3.1 2.1 1.5 1.2 
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Table B-2 (continued) 
PI 1 2 3 4 
1 — 7.7 3.6 2 
2 15 5.16 2.64 
3 11 4.3 
4 8.2 
P5 1 2 3 4 
1 — 7.6 3.9 2.2 
2 — 5.8 2.9 
3 — 4.4 
El 1 2 3 4 
1 — 11.8 5.7 3.3 
E5 1 2 3 4 
1 — 
2 — 11.6 6.1 3.5 
3 11.2 6.6 2.8 
4 7.41 
From the measured pull-in voltages, we are able to extract Young's modulus for each 
straight-beam cantilever group by the procedures described in the section 4-2 and the 
Appendix A-2. The following table B-3 shows the parameter root-mean-squared error of 
F#, and the Young's modulus for each group. 
Table B-3 
The Young's modulus extracted from the measured pull-in voltages in Table B-1 
Group B Delta(V) E(GPa) 
SB11 11.8 0.18 175 
SB12 11.2 0.12 167 
SB13 10.8 0.08 161 
SB 14 10.5 0.07 156 
SB 15 10.5 0.05 156 
SB21 15.6 0.22 211 
SB22 14.2 0.44 231 
SB23 13.6 0.17 202 
SB24 12.8 0.18 190 
SB25 12.8 0.1 190 
SB31 11.7 0.15 174 
SB32 10.9 0.1 162 
SB33 10.2 0.15 152 
SB34 10.3 0.14 153 
SB35 9.9 0.08 147 
SB41 11.5 0.17 171 
SB42 11.2 0.23 067 
SB43 12.8 0.34 190 
SB44 13.6 0.96 202 
SB45 10.3 0.13 153 
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Table B-4 
The Young's modulus extracted from the measured pull-in voltages in Table B-2 
LI 1 2 3 4 5 6 7 
1 — — 134 148 —- 189 184 
2 — 112 110 114 — 125 127 
3 — — 100 95 — 115 107 
L2 1 2 3 4 5 6 7 
1 — 168 181 195 208 225 251 
2 139 148 152 154 175 — --
3 124 — 133 145 187 178 210 
L3 1 2 3 4 5 6 7 
1 — 139 142 148 147 145 145 
2 135 137 119 114 112 111 108 
3 — 122 102 102 92 94 88 
L4 1 2 3 4 5 6 7 
1 124 137 138 — 145 154 168 
2 110 117 119 129 118 108 129 
3 99 104 104 107 106 101 108 
L5 1 2 3 4 5 6 7 
1 — 168 175 178 191 189 184 
2 — 143 144 144 133 140 127 
3 
— 126 124 125 120 115 127 
PI 1 2 3 4 P2 1 2 3 4 
1 — 201 171 153 1 194 210 209 — 
2 190 143 145 2 187 192 174 
3 163 157 3 — 
4 145 4 — 
P4 1 2 3 4 P5 1 2 3 4 
1 149 163 167 160 1 — 196 201 186 
2 144 151 149 2 — 180 174 
3 132 169 3 *— 164 
4 116 
E4 1 2 3 4 E5 1 2 3 4 
1 128 143 154 169 1 — 175 182 187 
2 143 166 180 2 — 200 207 
3 156 3 172 
4 149 4 175 
E2 1 2 3 4 El 1 2 3 4 
1 222 239 — 218 1 — 181 159 167 
3 253 
4 261 
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The histograms of the extracted Young's modulus for straight-beam, tapered-width, and 
both types are shown in Fig.B.3, Fig. B.4 and Fig. B.5 respectively. The mean value of the 
Young's modulus is 175 Gfo , and the standard deviation is 40 GP<z. This large deviation 
might be due to the process variation and contamination during measurement of the pull-in 
voltages. Since it's difficult to measure the real dimensions of each and every 
microstructure, the calculation of the Young's modulus is based on the drawn dimensions not 
the real dimensions of each microstructure. 
Histogram of Young's modulus of straight-beam cantilevers 
E (GPa) 
Fig. B.3 The histogram of the extracted Young's modulus for straight-beam cantilevers. 
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Histogram of Young's modulus of tapered cantilevers 
80 100 120 140 160 180 200 220 240 260 280 
E (GPa) 
Fig. B.4 The histogram of the extracted Young's modulus for tapered-width cantilevers. 
Histogram of Young's modulus of cantilevers 
200 
E (GPa) 
350 
Fig. B.5 The histogram of the extracted Young's modulus for all cantilevers. 
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Appendix C. The virtual databases and empirical formulae of the 
pull-in voltages 
For the straight-beam cantilever, the closed-form fbnnula for the pull-in voltage is the 
equation (C.l) 
where % = 0.07, v 2  =1.00, 73 = 0.42, B = E fdç f  /(I -  v 2 ) , and v  -  0.22 is the Poisson 
ratio of polysilicon. However, there is no such formula for the tapered-width structures. 
With the same idea as in [11], we built a database of the pull-in voltages for the tapered 
cantilevers and then extracted the fitted formula for each kind of taper function. 
C-l Linear-tapered-width cantilevers 
Using E = 170 GPa and WQ =10 //m in the Matlab program 
fdstatic_linear_closed_fbrm.m as listed in Appendix A, we are able to build a database for 
the linear-tapered-width cantilevers as in Table C-l below. Assuming the pull-in voltage has 
the form 
where a is the slope of the linear taper function and Z is the length, we can obtain the fitted 
formula for the linear-tapered-width cantilever as follows 
4ri# (C.l) 
(C.2) 
(C.3) 
Taking the Young's modulus into the formula, we have the final form as 
Fm = 1.239x10"^ a -ozoog^-z.i^^r (C.4) 
Table C-2 shows that equation (C.4) works quite well. The pull-in voltage for a straight-
beam cantilever does not depend on the width as can been seen in the equation (C.l), 
however, for the tapered-width, it is apparently that the initial width %% should play a role in 
control the total area of a cantilever. Taking the initial width Wg into consideration, the 
relationship between the pull-in voltage and Wq can be identified through the same 
procedures as those for the length dependence or the slope dependence of the pull-in voltage. 
The final form for the pull-in voltage for the linear-tapered cantilever is given below 
Fpy = 1.5 X 1(T^ O -0 20092-2 1899 ^0^166^ (C.5) 
Table C-l 
The database for linear-tapered-width cantilevers 
a length ^/(V) a length %v(V) 
0.2 100 41.8 0.6 450 1.21 
150 17.01 500 0.96 
200 9.03 0.8 100 31.18 
250 5.52 150 12.74 
300 3.69 200 6.76 
350 2.63 250 4.14 
400 1.96 300 2.78 
450 1.51 350 1.99 
500 1.2 400 1.48 
0.4 100 36.09 450 1.15 
150 14.74 500 0.92 
200 7.81 1.0 100 29.74 
250 4.77 150 12.17 
300 3.19 200 6.47 
350 2.27 250 3.97 
400 1.7 300 2.67 
450 1.31 350 1.91 
500 1.04 400 1.43 
0.6 100 33.15 450 1.11 
150 13.53 500 0.88 
200 7.17 
250 4.39 
300 2.94 
350 2.1 
400 1.57 
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Table C-2 
Comparisons between the calculated and the fitted pull-in voltages for linear-taper cantilever 
a = 0.5, Z, = 300 p, m 
E (Gfa) 130 150 170 190 210 
2.662 2.859 3.044 3.218 3.383 
Vpi-fu 2.684 2.883 3.069 3.245 3.411 
Error (%) 0.826 0.839 0.821 0.839 0.828 
a = 0.9,1 = 500 n m 
Z (GAz) 130 150 170 190 210 
Vpi-cal 0.781 0.838 0.839 0.943 0.992 
Vpi-fit 0.779 0.837 0.891 0.942 0.99 
Error (%) 0.256 0.119 0.224 0.106 0.202 
a  = 0.3, L  =  100 jj. m 
£(G#z) 130 150 170 190 210 
Vpi-cal 33.45 35.93 38.25 40.43 42.51 
32.97 35.42 37.71 39.86 41.91 
Error (%) 1.435 1.419 1.412 1.41 1.411 
C-2 Parabolic-tapered-width cantilevers 
Using £ = 170 GPa and w0 = 10 u m in the Matlab program 
fdstatic_parab_closed_fbrm.m in Appendix A, we are able to build a database for the 
parabolic-tapered cantilevers as in Table C-3 below. Assuming the pull-in voltage has the 
same form as the equation (C.2). But a is now the coefficient of the quadratic term of the 
parabolic taper function and Z is the length. Including the initial width dependence, the final 
form for the pull-in voltage for the parabolic-tapered cantilever is given below 
F# = 43.2626 X 10"^ a (-03385+76.46671)^-2.8044 ^03219^ . (C.6) 
Note that the exponent of a is a linear function of the length Z. 
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Table C-3 
The database for parabolic-tapered-width cantilevers 
a length %v(V) a length %v(V) 
0.005/1 e-6 100 31.32 0.025/lc-6 100 18.47 
150 10.77 150 6.26 
200 5.01 200 2.93 
250 2.76 250 1.63 
300 1.7 300 1.01 
350 1.13 350 0.68 
400 0.8 400 0.48 
450 0.58 450 0.36 
500 0.44 500 0.27 
0.01/le-6 100 25.19 0.03/le-6 100 17.35 
150 8.54 150 5.89 
200 3.96 200 2.76 
250 2.19 250 1.54 
300 1.36 300 0.96 
350 0.9 350 0.64 
400 0.64 400 0.46 
450 0.47 450 0.34 
500 0.36 500 0.26 
0.015/le-6 100 22 0.035/le-6 100 16.45 
150 7.44 150 5.59 
200 3.46 200 2.62 
250 1.92 250 1.46 
300 1.19 300 0.91 
350 0.8 350 0.61 
400 0.56 400 0.44 
450 0.42 450 0.32 
500 0.32 500 0.25 
0.02/le-6 100 19.94 0.04/1 e-6 100 15.71 
150 6.75 150 5.35 
200 3.15 200 2.51 
250 1.75 250 1.4 
300 1.09 300 0.87 
350 0.73 350 0.59 
400 0.52 400 0.42 
450 0.38 450 0.31 
500 0.29 500 0.24 
C-3 Exponential-tapered-width cantilevers 
Using £ = 170 Gfa and vt/Q = 10 p m in the Matlab program 
fdstaticexpoclosedfbrm.m in Appendix A, we are able to build a database for the 
parabolic-tapered-width cantilevers as in Table C-4 below. Assuming the pull-in voltage has 
the following form: 
Km =&eT, (C.7) 
the fitted formula, including the Young's modulus for the exponential-tapered-width 
cantilever, is 
Fp, =1.0021xl0-"^f"r' ^ cxp[a(1.01469xl0^ -0.42211)]. (C.8) 
From numerical experiment, it seems that the pull-in voltage is a very weak function of the 
initial width as shown in Table C-5 so that the width dependence is not included in the final 
form of the pull-in voltage. 
Table 
The database for exponential-tapered-width cantilevers 
a length Vp,(V) a length Vpi(V) 
0.01/le-6 100 41.97 0.025/1 e-6 100 26.16 
150 16.06 150 7.54 
200 7.72 200 2.68 
250 4.19 250 1.06 
300 2.46 300 0.45 
350 1.52 350 0.2 
0.015/le-6 100 36.12 0.03/le-6 100 22.06 
150 12.65 150 5.73 
200 5.53 200 1.82 
250 2.72 250 0.65 
300 1.44 300 0.25 
350 0.8 350 0.1 
0.02/1 e-6 100 30.84 0.035/le-6 100 18.51 
150 9.82 150 4.32 
200 3.88 200 1.23 
250 1.72 250 0.39 
300 0.82 300 0.13 
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Appendix D. The capacitance changes for cantilevers at different 
bias voltages 
The capacitance change of a cantilever at a bias can be measured directly by the Network 
Analyzer. In this Appendix, several capacitances and capacitance changes are presented. 
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SB5112 
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SB5132 
SB5142 
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Bias Voltage (V) 
Fig. D.l The capacitance changes as a function bias voltages for straight-beam cantilevers in 2nd 
column of group SB51. 
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Fig. D.2 The capacitance changes as a function bias voltages for straight-beam cantilevers in 3rd 
column of group SB51. 
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Fig. D.3 The capacitance changes as a function bias voltages for straight-beam cantilevers in 4th 
column of group SB51. 
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Fig. D.4 The capacitance changes as a function bias voltages for linear-tapered cantilevers in 3rd 
column of group L6. 
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Fig. D.5 The capacitance changes as a function bias voltages for linear-tapered cantilevers in 4th 
column of group L6. 
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Fig. D.6 The capacitance changes as a function bias voltages for linear-tapered cantilevers in 5th 
column of group L6. 
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Fig. D.7 The capacitance changes as a function bias voltages for linear-tapered cantilevers in 6th 
column of group L6. 
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Fig. D.8 The capacitance changes as a function bias voltages for linear-tapered cantilevers in 7th 
column of group L6. 
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Fig. D.9 The capacitance changes as a function bias voltages for parabolic-tapered cantilevers of group P6. 
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Fig. D.IO The capacitance changes as a function bias voltages for exponential-tapered cantilevers of 
group E6. 
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Fig. D.l 1 The comparison of the capacitance changes for cantilevers with same length (224f l m )  
e x c e p t  s t r a i g h t - b e a m  c a n t i l e v e r s  ( 2 0 6  f l m ) .  
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Appendix E. The frequency responses of micro cantilevers 
For those cantilevers with small dimensions, the quality factors are not negligible. We 
are therefore able to measure their frequency responses by the direct measurement of their 
input admittances. Some measurement results are shown in the following figures. 
SB6111 
190 200 210 220 230 240 
Frequency 
90.8 
a. 
90.6 ~ . Series resonance point Parallel resonance point 
90.4 
190 200 210 220 180 230 240 
Frequency (&%) 
Fig. E.l The frequency response of cantilever SB6111 with length 106 )a m and width 12 \im. The 
measured series resonance point is about 200 kHz . The estimated series resonance point is about 246 
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Fig. E.2 The frequency response of cantilever SB6112 with length 206 (J. m and width 12 (l m .  The 
measured series resonance point is about 45 kHz . The estimated series resonance point is about 65 
kHz . 
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Fig. E.2 The frequency response of cantilever SB6113 with length 306 JH m  and width 12 \ i m .  The 
measured series resonance point is about 28 kHz . The estimated series resonance point is about 30 kHz . 
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Fig. E.2 The frequency response of cantilever SB6553 with length 306 Ji, m  and width 12 \ i m  . The 
measured series resonance point is about 32.75 kHz . The estimated series resonance point is about 29.47 
kHz .  
